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ABSTRACT. The problem of thermal stability of an exothermic reactive viscous fluid between 
two parallel walls in the plane Poiseuille and Couette flow configurations is investigated for 
different thermal boundary conditions. Neglecting reactant consumption, the closed-form so- 
lutions obtained from the momentum equation was inserted into the energy equation due to 
dissipative effect of viscosity. The resulting energy equation was analyzed for criticality using 
the variational method technique. The problem is characterized by two parameters: the Nus- 
selt number(iV) and the dynamic parameter(A). We observed that the thermal and dynamical 
boundary conditions of the wall have led to a significant departure from known results. The 
influence of the variable pre-exponential factor, due to the numerical exponent m, also give fur- 
ther insight into the behavior of the system and the results expressed graphically and in tabular 
forms. 

The fully developed two-dimensional plane reactive viscous flow between parallel walls is 
still receiving attentions because of its significance to kinematics, the variability of thermody- 
namics and transport properties, thereby making it vital and fundamental to all engineering and 
applied scientific studiestlaminar combustion, furnaces, lubricants hydrodynamics e.t.c). In 
particular, safe storage and transportation of combustible and potentially explosive materials 
(such as fuel), the efficient and reliable operation of practical devices, all require an improved 
understanding of the combustion process. Generally speaking, most lubricants used in engi- 
neering and industrial processes are reactive(hydrocarbon oils, synthetic esters e.t.c), and their 
efficiency depends on temperature variations due to thermal and dynamical conditions of the 
enclosing walls[Makinde-121. This study can also find its place in the area of pneumatic con- 
veyor system, which makes use of pipes or ducts called transportation lines that carry mixture 
of materials and a stream of air. 
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The developed plane flow between two flat parallel surfaces is well understood for the case 
where one surface is moving parallel to the other (Couette flow); such that flow is driven by 
differential tangential motion of enclosing walls[Fang-61. In a similar way the Poiseuille flow is 
often associated with rectilinear pressure driven flows in stationary conduits[Rodia and Osterle- 
171. 

In the study of thermal ignition (criticality), there are specific criteria which determine spon- 
taneous change in behavior [I ,  2, 12, 15, 161. Thermal ignition is a type of instability in which 
the combustible at a negligible rate is brought to a condition in which it is reacting at an ap- 
preciable rate. In the study of thermal ignition, the neglect of the momentum of the reacting 
species is well established. This is because of the assumption that no momentum is created 
by the chemical reactions[9]. However, in a reactive viscous flow, it may be very significant 
to include the momentum equation of the reactive system to accommodate the flow dynamics. 
Since the enclosing wall(s) may be stationary (Poiseuille flow) or subjected to uniform mo- 
tion (Couette flow), it would be challenging to investigate the impact of these variations on the 
thermal ignition of the system. 

Historically, the theory of combustion was developed through studies of simpler models with 
additional and often unfounded assumptions. However, in this work, the assumption of con- 
stant density approximation characterizes combustion as a low speed phenomenon(smal1 Mach 
number) in a chemically reacting mixture which is valid for situations where the hydrodynam- 
ical effects play a secondary role with respect to the reactive and diffusive effect[5, 181. It is 
often employed as a substantially simplifying assumption to decouple the momentum equation 
from the energy equation[l2, 131. In addition, the assumption of low Mach number provided 
that the heat release is sufficiently weak and with this, the hydrodynamic flow field decouples 
from the heat equation to leading order. 

Okoya and Ajadi[l6] examined the thermal stability of two models, whose thermal conduc- 
tivity is a function of temperature. They showed the way in which thermal explosion is affected 
by boundary conditions and other parameters. Furthermore, Okoya[l4] considered the thermal 
stability for a reactive viscous, Newtonian flow in a slab for a plane Poiseuille flow. It was 
observed that criticality parameter and the excess maximum temperature are monotonically 
increasing function of the non-Newtonian coefficient. 

More recently, Makindell I] studied the steady state solutions for a strongly exothermic vis- 
cous reactive flows through channels with sliding wall. They revealed accurately, the steady 
state thermal criticality conditions for viscous reactive effectiveness using the perturbation 
summation and improvement technique. 

Motivated by the above, we considered thermal stability behaviors of an exothermic com- 
bustible material between parallel channels based on the Couette and Poiseuille flows con- 
figurations. Parametric analysis was conducted using the Nusselt number(N), the dynamic 
parameter(l2) and the numerical index m(due to the temperature dependent pre-exponential 
factor), on the thermal ignition behavior of the system and the results expressed graphically 
and in tabular forms. 
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We consider a reactive system based on a one-step reaction mechanism of the form, 

enclosed between two parallel plates, which are hydrodynamically and thermally developed 
uni-directional flow in the x-direction. In the reaction (2.1), F and [F] represent the fuel and 
fuel concentrations respectively, 0 and [O] represent the oxidant and oxidant concentrations 
respectively, wi is the reaction rates, A(T)  is the variable pre-exponential factor. 

Assuming negligible reactant consumption. the steady state governing continuity, momen- 
tum and energy equations are: 

and 

The appropriate boundary conditions for the momentum and energy equations are, 

where T is the absolute temperature variable. is the pressure gradient(decreasing). TI is 
the wall temperature. Ii is the thermal conductivity of the combustible material. C)(T) is the 
heat release. .-I is the pre-exponential factor. E is the activation energy. R is the universal 
gas constant, o is the distance between the plates and C;, is the initial concentration of the 
reactant. H is the heat transfer coefficicnt. 1 1  is the combustible material dynamic viscosity 
coefficients. I;, is the velocity of the upper plate. 11 and I -  are the velocity along and across the 
channel respectively, ( 1  is the constant density and the ratio $ is the Nusselt number(.\-). .\- 
is a dimensionless version of the temperature gradient at the surface between the fluid and the 
solid. and i t  thus provides a measure of the convection occurring from the surface. Eqi~ations 
(2.5) and (2 .b)  represent the Poiseuille and Couette flows respectively. Condition (2.7) at 

= 0 is the ~ e n e r a l  Newtonian exchange of heat a1 the wall surface. while condition (2.7) at 
!/ = n corresponds to the perfect heat transfer on the boundary. In the first part of (2.7). the 
two extreme values for the Nusselt number .Y have been considered: = 0 corresponds to 
adiabatic heat transfer(H = 0). while iY = x refers to the perfect heat transfer(£< = 0) on the 
boundary[2, 7, 161. 
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Assuming that the velocity across the channel is space invariant(2=0), we can non-dimensionalire 
equations (2.2) - (2.6) using the variables, 

By dropping primes, the dimensionless continuity, momentum and energy equations become 

and 

The appropriate boundary conditions are as follows: 

11-(0) = 0 .  117(1) = i\ = 0 ==+ Poiseuille How. (2.12) 

11-(0) = 0. 11-(1) = '4 = 1 ==+ Couette flow. (2.13) 

where  dimensionless activation energy),  heat convection), A = *(plate motion pararne- 
L P  

ter). ,ijr(viscous dissipation), &Frank-Kamenetskii parameter) are given by 

RTo ( ) ( i  vp a* rlP ,LV;L 
(= = - , ( t =  - G = - - . P =  Q E C ~ A ~ T , " ' - ' ~ ~  

and (i = 
E P / I \ >  ~1.r QCoAoa2 ' ~ i ~ e x p ( $ - )  ' 

3.1. Momentum Equations(closed-form). The momentum equation (2.10) and boundary 
conditions (2.12) and (2.13), after integration, lead to closed form solutions of the forms; 

where A = 0 and A = 1 correspond to the Poiseuille and Couette flow respectively. The 
graphical expressions of the solutions (3.1) and (3.2), shown in Figures 9 and 10 respectively. 






















