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ABSTRACT 

The obj ecti ves of  t hi s study were t o est ablish so me ne w al gebrai c properti es of  a mi ddl e 

Bol  l oop;  i nvesti gate t he rel ati onshi p bet ween a mi ddl e Bol  l oop,  ri ght (l eft)  Bol  l oops  and 

so me i nverse propert y l oops  li ke WI PLs,  CI PLs,  AI PLs,  SAI PLs,  RI PLs and I PLs;  est abli sh 

so me ne w al gebrai c properti es of  transl ati ons,  aut ot opi s ms  and anti -aut ot opi s ms  of  a 

mi ddl e Bol  l oop and st udy t he hol o mor phi c struct ure of  a mi ddl e Bol  loop.  Thi s was  wi t h a 

vi e w t o prepari ng a good ground f or  t he ref ormul ati on of  t he 1994 Syrbu’ s questi on on t he 

equi val ence of the uni versal el asti city conditi on ( UEC) and t he mi ddl e Bol i dentity ( MBI).  

Exi sti ng literat ure on t he al gebrai c st udy of  mi ddl e Bol  l oops  were surveyed and all 

accessi bl e mat eri al s relevant  t o t he concepts of  l oops,  Mouf ang l oops  and Bol  l oops  were 

al so acqui red,  parti cul arl y t hose t hat  rel ate t he m wi t h t he concepts of  parast ophes,  extra 

l oop,  groups  and i sot opy.  Exi sti ng results on mi ddl e Bol  l oops,  mi ddl e i nner  mappi ng Tx  and 

al gebrai c properti es of mi ddl e Bol l oops by Grecu and Syrbu were e mpl oyed. The mi ddl e 

Bol  i dentity was  j udi ciousl y used t o i nvesti gate t he characteri zati ons of  mi ddl e Bol  l oops 

( Q, ·, \, /).  The mi ddl e i nner  mappi ng Tx  was  used t o produce ne w al gebrai c properti es  of 

mi ddl e Bol  l oops  ( Q, ·).  The parastrophes  of  a mi ddl e Bol  l oop were al so used t o expl ore 

ne w al gebrai c properties.  The anti-aut ot opi c for m of  a mi ddl e Bol  l oop was  al so used t o 

i nvesti gate t he al gebraic properti es of  aut ot opis ms  of  mi ddl e Bol  l oops.  The struct ure of 

t he hol omor ph of a mi ddl e Bol l oop was al so expl ored.  

The result  established so me ne w al gebrai c properti es of  a mi ddl e Bol  loop a mong whi ch 

were t he f oll owi ng near- bal anced i dentiti es:  yx\x = x\(y\x),  xz\x = x\(x/z),  (yz)\y = y\(y/z), 
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(yz)\z = z\(y\z),  x(z\x) = (x/z)x and (x/yz)x = (x/z)(y\x).  It  was  al so established t hat  WI P,  

RI P,  LI P and I P were equi val ent  i n a mi ddl e Bol  l oop.  Furt her more,  co mmut ati ve WI P,  

co mmut ati ve RI P,  co mmut ati ve LI P and co mmut ati ve I P were equi val ent  i n a mi ddl e Bol 

l oop.  Two mi ddl e Bol  l oops  usi ng a ri ght  Bol  l oop and a ri ng were construct ed.  A ne w 

met hod of  constructi ng a mi ddl e Bol  l oop usi ng a non- abeli an group and a subgroup of  i t 

was  devel oped.  The hol o mor ph of  a l oop was  sho wn t o be a mi ddl e Bol  l oop if  and onl y if 

t he l oop was  a mi ddle Bol  l oop.  For  so me speci al  aut ot opi s ms,  i t  was  f ound t hat 

co mmut ati vity (fl exi bility)  was  a necessary and suffici ent  conditi on f or  hol o mor phi c 

i nvari ance under  t he existi ng i sostrophy bet ween mi ddl e Bol  l oops  and t he corres pondi ng 

ri ght  (l eft)  Bol  l oops.  The ri ght(l eft)  co mbi ned hol o mor ph of  a mi ddl e Bol  l oop and i ts 

correspondi ng ri ght  (l eft)  Bol  l oop were shown t o be equal  t o t he hol o mor ph of  t he mi ddl e 

Bol l oop.  

The st udy concl uded t hat  t he Syrbu’ s open probl e m can be sol ved usi ng t he al gebrai c 

properti es of  mi ddl e Bol  l oops  i n t hi s work.  And t hat  t he f oll owi ng t wo st ate ment s  ( yx)u = x 

⇔ y(xu) = x and (xz)u = x ⇔ (xu)z = x whi ch were f ound to be true i n a mi ddl e Bol  

l oop were usef ul for crypt osyste ms.  
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        INTRODUCTI ON 

1. 1 I ntroducti on 

The di verse areas where l oop t heory st arted and i n whi ch i t  moved i n t he earl y 

part  of  its 70 years of  hi st ory can be geographi call y,  chronol ogi call y and concept uall y 

ma pped and fitted.  It  i s not  possi bl e t o co mpare 300 years of  differenti al  cal cul us t o 

70 years  of  l oop t heory.  Loop t heory i s a new s ubj ect  when i t  i s j uxt aposed wi t h 

differenti al cal cul us and it is mi si nterpret ed always.  

For  i nstance,  when so mebody asks t hi s questi on:  ’ what  i s a l oop?’  It  can be si mpl y 

expl ai ned t o mean,  ”a group wi t hout  associ ati vity”.  Thi s i s act uall y true and correct. 

Ho wever, thi s i s not  t he whol e trut h.  It  i s very i mport ant  t o reiterate here  t hat  l oop 

t heory i s a di sci pli ne of  its own and not  j ust  a generali zati on of  group t heory, 

ori gi nati ng f ro m and still  movi ng wi t hi n f our  basi c research areas ;  al gebra,  

geo metry, topol ogy and combi nat ori cs.  

I n t he first  50 years of  l oop hi st ory,  we can see t hat  each decade set  i n moti on a 

brand ne w and i mportant  st age or  phase i n i ts devel op ment.  These di sti nct  peri ods 

are bri efl y di scussed bel ow.  

1. 1. 1 1920s–The Fi rst Gli mmeri ng of Non- Associ ati vity 

Cases abound i n t he hi st ory of  sci ence where at  parti cul ar ti mes  cert ai n 

revol uti onary i deas were,  so t o speak,  ”i n t he ai r”  until  t hese revol uti onary i deas 

ca me t o manif estati on i n different  pl aces,  so meti mes  i ndependentl y and i n diff erent 

f or ms.  

Two such pro mi nent  cases have occurred i n mat he mati cs and physics i n t he l ast  t wo 

cent uri es.  Hyperboli c geo metry was  di scovered al most  si multaneously by Lobatschevski 

and 
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Bol yai  i n t he 1820s,  and woul d after ward co mbi ne wi t h Ri e manni an geo met ry (announced 

i n 

1866)  t o f or m t he fi el d of  Non- Eucli dean Geo metry.  Si mil arl y,  around t he t urn of  t he 

cent ury ,  a co mpl et ely ne w concepti on of  Space- Ti me ca me out  of  t he Lorent z 

transf or mati on of  1895,  whi ch t ook t he pl ace of  earli er  Galil ean noti ons,  and 

Ei nst ei n’ s Speci al  Rel ati vity of  1905.  We  now realise t hat  t hese two i deas,  Non-

Eucli dean Geo metry and Curved Space- Ti me,  are t ot all y rel ated and bot h assi sted t o 

prepare t he ground f or t he noti on of non- associ ati vity.  

The ol dest  non- associ ati ve operati on used by manki nd was  pl ai n subtracti on of 

nat ural  nu mbers.  The first  exa mpl e of  an abstract  non- associ ati ve syste m was  Cayl ey 

nu mbers;  t he Cayl ey nu mbers constructed by Art hur  Cayl ey i n 1845.  Di ckson l at er 

generalised t hese Cayl ey nu mbers t o what  i s  kno wn as  Cayl ey- Di ckson al gebras.  

These beca me t he subj ect  of  seri ous st udy i n t he 1920s  because of  thei r i mport ant 

rol e i n the struct ure t heory of 

alternati ve ri ngs.  

Anot her  l evel  of  non-associ ati ve struct ures was  syste ms  wi t h one bi nary 

operati on.  The paper  On a Generali zati on of  t he Associ ati ve Law ( 1929)  by Ant on K.  

Suschke wi tsch,  who was a Russi an prof essor  of  mat he mati cs i n Voronezh was  one of 

t he earli est  publi cati ons deali ng wi t h bi nary syste ms  t hat  cl earl y menti oned non-

associ ati vity.  

I n hi s paper,  Suschkewi tsch co mment s t hat,  i n t he proof  of  t he Lagrange’ s 

t heore m f or  groups,  one does  not  make any use of  t he associ ati ve l aw.  He guesses 

ri ghtl y t hat  it  i s possi ble t o have non- associ ati ve bi nary syste ms  whi ch sati sf y t he 

Lagrange propert y.  There are t wo t ypes  of  such so call ed ‘ general  groups’,  t hat 

Suschke wi tsch construct ed t hat  sati sf y hi s Post ul ate A or  Post ul at e B.  I n 

Suschke wi tsch’ s approach,  so me earl y atte mpts i n t he di recti on of  moder n l oop 
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t heory as  a generali zati on of  group-t heoreti cal  noti ons can be seen.  Hi s ‘ general 

groups’ see m t o be t he predecessors of modern quasi groups as isot opes of groups.  

 


	NEW ALGEBRAIC PROPERTIES OF MIDDLE BOL LOOPS
	FULFILMENT OF THE REQUIREMENTS FOR THE AWARD OF THE DEGREE OF MASTER OF SCIENCE (M.Sc.) IN MATHEMATICS OF THE

	ABSTRACT
	1.1 Introduction
	1.1.1 1920s–The First Glimmering of Non-Associativity



