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ABSTRACT

The obj ectives of this study wereto establishsone ne wal gebraic properties of a nidd e
Bol 1 oop i nvestigate the rel ati onshi p bet ween a m dd e Bol 1 oop right (1eft) Bol 1 oops and
sone i nverse propertyl oops like WPLs, C(IPLs, AlPLs, SAIPLs, RIPLs and I PLs; establish
sone new al gebraic properties of translations, autotopisns and anti-autotopisms of a
mi ddl e Bol 1 oop and study t he hol o nor phi c structure of a midd e Bol loop This was witha
vi ewt o prepari ng a good ground f or t he ref ormul ati on of the 1994 Syrbu s questi on onthe
equi val ence of the universal dasticity condition (UEC) and the nidd e Bol i dentity ( MBI).

Exi sting literature on the al gebraic study of mi ddl e Bol 1 oops were surveyed and all
accessil e materias relevant tothe concepts of 1 oops, Mbuf angl oops and Bol 1 oops were
also acquired particuarlythose that relatethe m withthe concepts of parastophes, extra
loop groups andisotopy. Existingresults on midd e Bol 1 oops, nidd einner mappi ng Tx and
al gebraic properties of ni ddl e Bol loops by Grecu and Syrbu were enployed The mdd e
Bol identity was judiciously used toi nvestigate the characterizati ons of midd e Bol |1 oops
(@-\/) The nmddeinner mapping Tx was used to produce new al gebraic properties of
nmi dd e Bol 1oops (@Q-). The parastrophes of a ni dd e Bol 10op were also used to expl ore
new al gebraic properties. The anti-autotopic for mof a nidd e Bol 10op was also used to
investi gate the al gebraic properties of autotopisns of midd e Bol 1oops. The structure of
the hd onorph of a niddl e Bl 1oop was aso expl ored

The result established so ne ne wal gebrai c properties of a nmi dd e Bol loop a nong whi ch

were thefdl ow ng near-bal ancedi dentities: yx\x =x\(y\x), xz\x =x\(x/2), (v2)\y =y\(V/2),



vz)\z = z\(¥\2), x(z2\x) = (x/2)x and (x/yz)x = (x/z)(y\x). It was also establishedthat WP,
RIB LIP and IP were equivaent ina mdde Bol 1oop Further nore commutative WP
commutative RIB commutative LI P and commutative [P were equivalent ina ni ddl e Bol
loop Two nidd e Bol 1oops using a right Bol l oop and a ring were constructed A new
met hod of constructing a ni dd e Bol 1 0op using a non-abelian group and a subgroup of it
was devel oped The hol o norph of al oop was shownto be a midd e Bal loopif and onlyif
the loop was a niddle Bol loop For some specia autotopisns, it was found that
comnutativity (flexi hility) was a necessary and suffident condition for hol onorphic
invari ance under t he existingisostrophy bet ween ni dd e Bol 1 oops and t he corres pondi ng
right (left) Bol 1oops. The right(left) conbi ned hol onorph of a midd e Bol 1oop and its
correspondi ng ri ght (1eft) Bol 1 oop were shownto be equal tothe holo norph of the nmidd e
Bol 1o0op

The study concl uded that the Syrbu s open probl e mcan be sol ved using the al gebraic
properties of midd e Bolloopsinthis work Andthat thefdlow ngt wo statenents (yx)u =x
& y(xu) =xand (xz)u =x <(xu)z =x which werefound to be trueinani dd e Bal

loop were usefu for cryptosyste ns.
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INTRODUCTI ON

11 Introduction

The diverse areas wherel oop theory started andin whichit nmovedinthe early
part of its 70 years of history can be geographically, chronol ogi callyand conceptually
mapped and fitted Itis not possidetocomnpare 300 years of differential calculusto
70 years of 1oop theory. Loop theoryis a new subject whenitisjuxtaposed wth
differential calcu us anditis nisinterpreted aways.

Forinstance whensomebody asksthis question ’ whatisal oop? It can be si nply
explainedto nean "a group wthout associativity’. Thisis actuallytrue and correct.
Ho wever,thisis not the wholetruth Itis very i nportant toreiterate here that 1 oop
theory is a discifdine of its own and not just a generalization of group theory,
originating from and still noving within four basic research areas ; algebra
geonetry, topad ogy and conbi nat orics.

Inthe first 50 years of 1oop history, we cansee that each decade setin notion a
brand newandi nportant stage or phaseinits devel opnent. These distinct peri ods

are briefly dscussed bel ow

111 1920s-The Frst Qi mneri ng of Non- Associ ativity

Cases abound in the history of science where at particdar ti mes certain
revol utionary i deas were so to speak "inthe air” until these revoluti onary i deas
cane to nanifestationin different places, someti nes i ndependently andin different

for ns.

Two such proninent cases have occurredin mat he matics and physicsinthelast t wo

centuries. Hyperbdlic geonetry was discovered al nost si miltaneously by Lobatschevski

and
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Bol yai i nthe 1820s, and woul d after ward combi ne with Ri e manni an geo netry (announced

in

1866) tofor mthe fid d of Non- Eucli dean Geo metry. Si milarly aroundthe turn of the
century, a conpletely new conception of Space-T ne cane out of the Lorentz
transfor mation of 1895 which took the place of earlier Galilean notions, and
Finsteids Specia Relativity of 1905 We now realise that these two ideas, Non-
Eucli dean Geo netry and Curved Space-Ti ne, aretotalyrel ated and both assistedto
prepare the ground for the noti on of non-associativity.

The ol dest non-associ ati ve operati on used by manki nd was plai n subtracti on of
natural nunbers. The first exanpl e of an abstract non- associ ati ve syste m was Cayl ey
numnbers; the Cayl ey nunbers constructed by Arthur Cayleyin 1845. cksonlater
generalised these Cayley nunbers to what is known as Cayl ey- O ckson al gebras.
These becane the subject of serious studyinthe 1920s because of theiri nportant
rd einthe structure theory o
alternati ve ri ngs.

Another level of non-associative structures was systens wth one binary
operation The paper On a Generdlization of the Associative Law (1929) by Anton K
Suschkewtsch who was a Russian professor of mat he maticsin Voronezh was one of
the earliest publications dealing wth binary systens that dearly mentioned non-
associativity.

In his paper, Suschkewitsch comments that, in the proof of the Lagrange s
theore mf or groups, one does not make any use of the associativelaw He guesses
rightly that it is possible to have non-associative bi nary systens which satisfy the
Lagrange property. There are t wo types of such so called ‘ general groups’, that
Suschkewtsch constructed that satisfy his Postuate A or Postuate B In

SuschkewtschH's approach somne early attempts in the direction of modern 1 oop
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theory as a generalization of group-theoretical notions can be seen Hs ‘general

groups see mto be the predecessors of nbdern quasi groups asisotopes o groups.
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