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On sufficient condition for st a-rlikeness 

D. 0. Mwkinde, T. 0. Opoola 

Abstract 

In this paper,we give a condition for starlikeness of t,he integral oper- 

ator of the form F ( z )  = izG ( y ) $ d s .  
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1 Introduction 

Let A be the class of all analytic functions f (.z) defined in the open unit disk 
U = { z  E C :) z I< 1 )  and S the subc1a.w of A consisting of univalent, functions 

zf '(2) 
S* = {f E S : Re(-) > 0,z  E U), 

f (4 
M,={f E S :  (z)f'(z) # 0, ReJ(a ,  f ;  z) > 0, z E U }  

z 
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z / ' ( z )  where J(a, f ;  z )  = ( I  - f a(l  + w) be the class of starlike and 
a! - convex functions respectively. 
Let p(z)  be the class of functions that are regular in U and of the fvrm : 

k=l 

Furthermore, let h ( z )  = E. 
Let T be the univalent [5] subclass of A consisting of ftinctions f ( 2 )  sa.t,isfying 

2 2  f ' ( z  I+ - 11 < 1, ( z  U )  
Let Tn be the subclass of T for which f k ( ~ )  = 0 ( k  = 2 ,3 ,  ..., n,). 
Let TnPp be the subclass of T ,  consisting of functions of the form 

z2 f'(2 k JJtl(*) 6 d s  satisfying: 1 - 11 < p, ( r  E U )  for some p(0 < p < 1).  

2 Preliminaries 

Theorem 1 [I] Let M ond N be an,alytic in U with M ( 0 )  = N ( 0 )  = 0. If N ( z )  
map.s onto a many  sheeted region which i s  starlike with respect to th,e origin 
and ~ e { % }  > 0 in U ,  then ~ e { % }  > 0 i n  U .  

Theorem 2 [6] Let f, E T, ,,,% (z = 1,2, ..., k ;  k E N*) he defined by 

k 

for all i = 1,2 ,  ..., k;  a, 8 E C ;  R { P }  2 y and y = C 1 + ( 1  + pi)M 
( M  2 

i= 1 I4 
1,0 < pi < 1, k E N*).  If 1 fi(z)l < M ( z  E U ) , I :  = 1,2,  ..., k th,en, tll,~, integro,l 
operator 

i s  univalent. 

Theorem 3 [2] Let h be convex in U and R e { o h ( z )  + y }  > 0,  z E U.If p E 

H ( U )  where H ( U )  i s  the class off unction.^ which are o.nralytic i n  the uni t  dirk, 
with p(0)  = h(0) an,d p satisfie.s the $riot-Bouquet differen.tia1 .subordin.o.tions: 
p ( z )  + & < h(r) ,  z t U. Then, p(r)  < h ( r ) ,  r E U. 
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3 Main Results 

We now give the proof of the following results: 

Theorem 4 Let F,(z) be the fun,ction in U defined by 

If fi E S* then, F ( z )  E S* where fi i s  as in equation (3) above. 

Proof. By differentiating ( 5 ) ,  we obtain: F1(z)  = n:_l(q)!. Thus, 

zF1 ( z )  - fd.1 
- n:=,cT). 

F ( z )  n* s = l  ( r n ) & d L  .g 

Let 

From (5) and (6) we have: 

M ' k )  - zF1'(z) M' ( z )  
1 zf ! ( t . )  - c:=1 

- 1 + ------ - =1+ 
1) 

N 1  (2) F1(z)  ' N1(z )  nk Z=I (LA)& z 

By hypothesis fi E S*. This means that 1 f ( z )  - 11 < 1, which implies that 

1% - 11 < 1. Thus Re{%} > 0 and by Theorem 1, R e { # }  > 0. This 
zF1(z)  implies that Re{-} > 0. Hence F  E S*. 

Remark 1 The  integral i n  (5) is equ.ivalent t o  that i n  (4) of section 2 with 
p =  1. 

Let S = { f  : .,.. U -t C )  n S. Let F ( z )  E U be defined by 
' ?!'' 
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Theorem 5 Let z E U,  a E C, Recr > 0 a.nd m, = Mans. If F E ma, then F E 

S* that is m, c S* . 

F(r )F ' ( z  Proof. F'rom (6) above, we have 4 # 0 and for F E ma, we have 

zFf  (z) z Ff (z) 
Re.J(a, f ;  z) = Re{(l - a)---- 

F(z) 
+ a(1 + --- 

F(z )  
> 1 

for p(z) = $#, = 1 + % - p(z). This implies that 

using (7) and (9) in (8), we obtain 

.zP'(.z) Simplifying (lo), we obtain Re J ( a ,  f ;  z) = Re{p(r) + a(=)) 
a r p  0 -3 = 1 and p(0) = h(0) = 1. Thus, using Theorem 3 with 17 = ~ ( 0 )  + p(0)  

l a n d y  = 0,we h a v e p ( z ) + e  < h(z) = E. Thisimplies thatp(z) + h(z). 

That is Re{p(z)} > 0. Thus, Re{%)} > 0. Hence, F E S*. 
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