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Abs t r ac t  

Thermal instabilities such as thermal explosion and thermal igni t io~~ are examined i r ~  
a two-step reactions mecl~anism, comprising of a chain-branching ant1 a cl~ain-breakiug 
step. The aim of this study is to examine the influence of the chain-breaking step on these 
instabilities and then compare our findings with the existing results for the one step moclel, 
which is rnainly a branching step. The resulting mathematical equations were subjected 
to a variational method executed on the Mathematics package for the analysis of thermal 
explosion, while the thermal ignition is amenable to sirr~ple integration. These result5 
show that the chain branching step leads to a conlplete departure frorn existing results 
for the one step model. It is estal,lished that. the Frank-I<amer~etskii paralrleter (6,) and 
the ignition tirr~e (T,) are 1n011otor1ically decreasi~lg furrctio~ls of t l ~ e  Iteat pal.a~rleters. 

1. In t roduct ion  

I~~srabilitirs are f r c q ~ ~ c ~ ~ t l y  o c c l ~ ~ . r i ~ ~ g  plicnomcna in rcactio~i l~inetits. In  rpactivr fillit1 

tlynanlic~, these instabilities include therm?l explosio~~. thernml igl~ition, flame propaga- 

tion, isothermal oscillations vtc. These ptlenorlleria are known to 11al.e rliffermt na t ,~~r r  

acid t.lle way t!~ey occur are r~ot  tile sarlle. For eexa~nple, t l~cr~rral  explosio~~ o c u r s  at  

the steady state (~i~r~e-i~~clepe~~tlenl.), wl~ile tllerrnal igni t io~~ is a t.irrle depende~~t  process. 



111 ;\tlclit.ion, ~ l ~ r r l l ~ a l  ig~lition r(.cluircxs tun cst(~r11a1 i~lfluc~llc:t> suc l~  ;IS s[);irk. ~ . c ~ ~ n p r ~ ~ s s i o ~ i  

IV;L\T~ ctc., for its prop;~gat. io~~, wl~ile t.Iicr111a1 e~~11osio11 is l)ro11g111. zt1)(>11t. I>)' ~ , I I c  I , ~ I C ~ I I I : I ~  

~>~-olxrt.ic?s of t.11~ ~~ i ix t~ l l - e  RII(! gcoll~etrics of tllc r e a c t i ~ ~ g  vcssel 

The classic:al theory of tllerrrld explosion slid t l~er~rlal  igriitiol~ was origillnlly cl(:velopctl 

to tlcal wit11 a single irreversible exotl~erlnic reaction [Stolill et al.[l'J], Okoya arid Ajacli 

[2], Botldington e t  al. 14, 5 ] 1. Subsequel~tl~,  this study has bee11 exte~rtletl to a systsrr~ or 

two or rnore reactiolts [Boddington e t  al.[G, 71, Nurlziat.0 1131, Gral~a~rl-Eagle [8], Okoya 

(14, 15, 161, Ajatli alld Okoya 121 and Makino [12]]. Matliernatically, t!~errnnl explosior~ 

is ~r~casured by a parameter 6, a dimensioriless measure of heat release, while the critical 

Frarlk-Kamenetskii (6,), marks tile onset of thermal explosion. Thus, for 6 > 6, and a 

corresponding temperature, B,, explosion occurs and for 6 < 6,, a stable bellaviour is 

obtained. Similarly, thermal ignition rrmy be described as a sharp or unexpectetl increase 

in temperature, while the ignition tirne (ri) is the time for which t he r~ r~a l  runaway is 

reached. 

Our purpose here is to study the thermal explosion and thernial igrlition theory in a 

model twestep reactions mechanism of tlie form, 

nrl~ere El and E2 are the activation energies of steps (I) and (11) respectivelv, F is the 

reactant(F'uel), X is the radical, P is a product., while M is a third or inert body. The 

elementary step (I) is the branchir~g step, which is a reaction capable of producing a 

I I ~ L  ir~crease i r ~  t!~e number of chain carrier (X) ,  while (11) is t l ~ e  c11ni11-Ll-raki~~g step 

(terlrlination) leading to the terini~:atio~~ of the cl~ain.  

111 their stutlies, Bod~li~lgt .o~i e t  al. [6) consider~d a syste111 of f w ~ t  hel.~rii!: s i ~ ~ n ~ l t ~ a i ~ c o u s  

rciu:tiol~s. Analytical solutior~ was obt.;xi~ied for tlic special c,asr of two pari~llcl ~.ent:tio~is 

for Ll~e slab geometry. 

Gral~ani-Eagle and Wake (8) extended this investigatiori to o t i~cr  gcolrletrics s~tcll as 

ryli~~tier  a11d the sphere. As the allalytical rnetl~ocl consitle~ed by Bndt l~~igto~l  161 does 11ot 

a lwqs  gerieralize to tl:ese geonxtries, :; variationiil n ie t l~o~l  i:; usetl. Tlir 1-est~li.s o1)tainetl 

llavc I>ee11 ot)served to be 98% accu1at.e wlier~ corripared to t l ~ r  rxact. su lu t i o~~ .  

111 the ignition theory, a variation of ( I )  a r~d (11) has bcen investigated by A y c ~ ~ i  [3\.  



l )a~Licu~ar  i~~l,crcst,, 11c ])rovidc(l X I I  111)pcr l)ot111(1 f o ~  I . I IL \  1p,111t.io11 ~ , I I I I ( ,  flll~(:tlotl of 

111(!  activatio~l eliclgy. 

Alwli [ I ] ,  t*x i i l~~i~~<!( l  1.11~ cffc(~,t of L I I C  a c t i v a t t o ~ ~  (*r~(,rgy I ) ; I I ~ A I I I C - ~ I ~ ~  ;IS \v(*ll ?IS t l ~ ( ,  ]) ;I-  

r;ilnct.cr w l ~ i c l ~  lrlcnsures t l ~ e  ratio of the o x y g c ~ ~  c o n s u ~ r l l ~ t i o ~ ~  to tllat of the fucl, 11si11g ii 

o ~ ~ e - s t e p  porous ~ r ~ e t l i u n ~  coml.ust io~~ model. The fact, t l ~ a t  oxygell suppol-t,s co~r~t )~us t io l~  

is well established. 

Nullziato c t  al. [I31 dcrivetl an expression for the  t l ~ e r ~ n a l  igr~it iol~ tilne of a ho~r~ogc-  

neous explosive wl~icll is exotller~~lically deco~rlposirlg by t,wo parallcl .4rrl1ellius ~ .eac t . io~~s .  

The  result involves the thermal ignitiol~ time of each reactior~ alo~le and is expl.esscd i r ~  

terms of t h e  hypergeorr~etric funct,ion. An application of their analysis to ttie case ol 

~ ~ i t r o m e t h a n e  ignition is illustrated. 

Okoya [14] obtained an analytic expression for the thermal ignition time of a two- 

step reactive system. He employed the effective activation energy approach which allows 

the elimination of previous difficult,ies arising in the estimation of ignition time. T h e  

result of this novel techt~ique is compared with numerical result as well as those obtained 

previously, and there is good agreement in all cases. 

Varatharajan and Williams [20] obtained a n  integral expression for the ignition times 

in terms of the  branching reaction, branching and initiation rate paralneters, erlergetic 

parameters, the  activation temperature of the branching in the lirr~it. in w l ~ i c l ~  tlre ratio of 

the initiation rate t.o the branching rate is srr~all. 

More recently, Ajadi and Okoya [2] investigated the  influence of variable pre-exponential 

factor on t h e  ignition time of a system of homogeneous three-step reaction mechuaism. 

Based on a s i ~ r ~ p l e  tl~i~rlerical a ~ ~ a l y s i s ,  it  is s h o m ~ ~  t , l~a t  for the igr~it iol~ tilrle over n Ijroatl 

rallgc. of realistic constaut. thc variilt.lo~~ of ~ ) r ( ~ - ( ~ x ~ ) o ~ ~ ( ~ ~ ~ t i i ~ l  factor Iri~ds t,o i1 sig~lifici,l~t 

tlcpartilre f r o ~ n  tlle A~.rlie~iius case. 

L\;llilr the abovt, n~otlel ~nccllanis~n ha5 Ixen well stutiicd lo]- f lan~c prol~agation j.Jouli11 

i l l ] ,  Niioka 1101, etc. 1 .  not 1r1~1cl1 11% bee11 tlol~e on t,l~e tllcrn~al exl) losio~~ arid t . l~cr~llal  

igl~it io~l  tl~eory. IJe!lcc: tile rr~otivatioll for this work 111 acI(t1t.io11, t l ~ c  t.11c1-111al ~ L I I I ~ L \ ~ ~ \  

of  c l ~ e l r ~ ~ c a l  I.eactlolls occur freque~ltly a ~ ~ d  d isas t~ol~s ly  i l l  tile cllclr~ical i l l t l ~ ~ s t . ~ ~ e s ,  solllr- 

tilrleti wit11 the tragic loss of 1iu11la11 lives il11tl co~isiderablc damage to property a ~ ~ t l  o ~ l l e ~  

cco110111ic Icsses. Therc woul(l 11e 11ccd to  know t.lle bafe ~,el.iotl (igl~itiorl tilrle) prior to the 

occ~lrrei~ce of t l ~ i s  pher~ornrr~ol~.  The  occurrerlce of tl~erlrlal explosiol~ (e  g s p o ~ l t a ~ ~ c o u s  



Tlle ir~atlle~r~ntical tlcscril~t.ioil of tlie reactioil rrlccllailis~rl is govcrrial essentially Ity 

the species and eiiergy equations. Thus, ill ttic ahser~ce of convectio~l, wc have, 

a~ 1 a 
- 

a F  
- - -- ( x ~ D ~ ~ )  - D"X exp ( -E1 / (RT) ) ,  a t  XI  DZ 

and 

where Dl ,  D2 and I( are the diffusion coefficients of the fuel, radical and the thermal 

conductivity respectively, B l  and Bz are the pre-exponential factors for (I) and (11) re- 

spectively, I and t are the space and time variables respectively, wllile i is the geometry 

factor[i=O(Slab), i=l(Cylinder) and i=2(Sphere)]. Equations (2.1) and (2.2) are the 

species equations for the fuel and radical, while (2.3) is the energy equation. 

The assumption that the reactant consumption is not negligible is known [ Bodding- 

tion e t  a1.[7]]. However, we shall assurrle in this study that tile reactant consuntption 

is r~egligible, thus (2.1) - (2.3) reduce to the energy equation[see Okoya and Ajatli 121, 

Boddington e t  al. [4, 5 ] etc. 1, 

a~ IC a 
= ;;K ( x ' D ~ ~ )  + B1%F.Y exp ( -E, / (RT))  + n.Jr,h.', (2 - 1 )  

alld the initial colldition 



2.1 T h e r m a l  E x p l o s i o n  T h e o r y  

'IIlv stw~cly st,at.v for111 of (:q~l:~tio~l (2.4) rt~s111ts i l l  t11e o ~ - c l i ~ ~ ; ~ r y  ( l i [ f ( ~ r ( ~ ~ ~ [ ~ ; l l  ( ! ( ~ I I ; I ~ I O I I  

w1tl1 the boul~dar )~  contlit,ion 

We non-tliir~ensiorialize (2.7) ant1 (2.8) using the following varial~les 

T - To Ftr, x ,g=- c = -  and p = - ,  
ETO ' EI 

wllere To is the surrounding temperature, a is the radius of the cylinder or sphere or the 

lialf width of the slab. Hence, equations (2.7) and (2.8) becorne 

This is subject t o  the  realistic boundary condition (a  = 1) 

where 6 = B I ~ I F X  e x ~ ( - E l l ( n T o ) ) ~ ~  and = B24X e x p ( E ~ l ( R T o ) )  
I< R?;: 91 F 

are the Frank - I<amernetskii parameter and heat pararrieter (due 1.0 the tern~ination step) 

respectively. 

\Ve now apply the  variat.iorlal t,ecllnique previously co l~s ide~ed  i l l  G~-sllar~l-Eaglc et al 

[S] to calculate h,, allcl Q,., ill eq~latiolis (2.11) arld (2.12). Collsicte~ t.l~e ful~ctioiial, 

A:: exair~ple of functions satisfying the bouutiary cor~dit ior~ (2.12! is 

37rn- 
O ( x )  = A cos (7) + B cos (1) 



and t.lle equat.ioills 1.0 be solvcd are 

and 

Thus, we solve thesc system of equations, 

5 - 6 1' A cos (7) (exp(R(~))  + dp = 0 
8 

simultaneously for A, B and 6,, where 8, = A + B. The definite integrals in equations 
(2.17) - (2.19) were discretized using the Simpson numerical method arltl the equations 
are then solved numerically on the Mathematica systern. 

TABLE 1 
Variation of Frank-Icamenetskii parameter (6,) and B, with heat pal-meter(P) 



2 .  T h c r l n a l  I g n i t i o n  T h c o r y  

'Tl~c t . l l r : ~ . ~ r ~ i ~ l  ig11it.io11 Lllcory is usunlly I,nsctl 011 t . l~r  ;wsll~r~l~t . ioi~ I . ~ I ; L ~ .  1.11~ sys t . r~r~  is spa1 ittllp 

l ~ o ~ r ~ o g c ~ ~ c o u s  or the (11c1-1rlnl cu~l t l~~ct iv i ty  is b c i ~ ~ g  vcry poor. 'TIIIIS rtlr~;it.iul~ (2.1) retluccs 

to 
tlT 
- = B I q l  FX ex, ,(-EI/(RT)) + B?(,?.Y', (2.20) 
t l f .  

\Ve norl-dimensior~alize (2.20) - (2.21) using the variables 

When (2.22) is substituted into (2.20) and (2.21), we obtain 

with the initial condition, 

e(o) = o, 

where 

B ~ q ~  FX ex~(-E1/(RT~)) and p' - 6' = - Bzq2t0X2 are  cor~stants. 
RG RG 

We [nay integrate (2.23) to give 

du 
T = 1" (2.25) 

6' (exp(B/(l + €8)) + f l )  ' 

As B -+ ~ ( r u r ~ a w a y  temperature), 7 + ri. In particular, for 6' = 1, a~ l t l  using the ir~itial 

corlditior~ (2.24). e q u a t i o ~ ~  (2.25) becorr~es 

X tlu 

-1 M e / ( l + c o ) ) + f l ) .  
(2.26) 

111 t.he lirnit. of c - 0,  
lll(1 + p') 

T, = - 
4' 

(2.27) 

TABLE 2. 
Variatio~: of i g ~ ~ i t i o n  time ( T ~ )  with the  heat p ~ r a r r ~ c t e r ( f l ) .  

13' 

T, 

0.0 

1.00 

0.5 

0.81 

1.0 

C.69 

1.5 

0.61 

2.0 

0.55 

2.5 

0.50 

3.0 

0.4G 

3.5 

0.43 

4.0 

0.40 

4.5 

0.38 

5.0 

0.36 

5.5 

0.34 

6.0 

0.32 

6.5 

0 3 1  



Tile solut . in~~s or tllc t11cr111nl cxplos io~~ t l~cory 8 1 1 ~ 1  i g ~ ~ i t . i o ~ ~  t11(!ory IIRYI! IICI:II  1)r('s(:1111!(1 

~ I I  Tixl)lc I .  ix11~1 TaI)lc 2. ;IIIOVC. 111 Ttil)lc* 1.- d,- i ~ r 1 ( 1  t.11~ critic:;il ~ , C I I I ~ I C ~ : I . ~ . ~ I I ~ ~ ~  (O,?) i s  

~r~u~~otonica l ly  t lecre%i~~g f i l~~c t ion  of 9. T l ~ u s ,  ns Illore I~cat. is evolvctl, t l ~ c  tc11t1c11c:y for. 

the occurretlce of t l ~ e r ~ ~ l a l  explosior~ irlcrcases. Similarly, Table 2., r, is rr~o~~otor~ical ly 

decreas i~~g fui~ctiorl of O'. This also implies that  as lrlore heat is evolvcd frorn tllc system, 

the time to i g ~ ~ i t i o r ~  reduces. This  is pl~ysically reasor~able since we have assu~rled t.llat. 

the rate a t  wl~ich heat is giver1 ou t  is low cornpared to tlle proctuction of I~ea t .  Frorri tllc 

tables, it is observed that  the results of the one-step reactior~ (i.e. 0 = 4' = 0) ,  is ill full 

agreell~ent with the existing literature [Graham - Eagle and Wake [S], Boddiu$ol~ et al. 

14, 51 and Zel(lovicl~ e t  a1.[21] 1. 
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