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Abstract 

Thi s st udy i nvesti gated t he eff ects of  fi nite def or mati on of  a t hi n pl ate made of 

se mili near  mat eri al  of  John’ s t ype,  transversely-i sotropi c i n struct ure and desi gned 

wi t h t he ai d of  a ho mogeni zed t heory.  Thi s was  wi t h a vi e w t o deri vi ng a t wo-

di mensi onal  t heory f or t he t hi n pl ate fro m a t hree- di mensi onal  finite el asti city 

t heory.  

The hypot hesi s of  hyperel asti city of  Cauchy- Truesdell  was  i nvoked on t he pl at e’ s 

energy st ored f uncti on.  The Frechet’ s deri vati ve of  t hi s f uncti on wi t h respect  t o t he 

energy conj ugat e geo metry of  def or mati on was e mpl oyed t o set  up nonli near  t hree-

di mensi onal  boundary-val ue probl e m.  The t hree- di mensi onal  boundary- val ue 

probl e m was  transf orme d i nt o an equi val ent  vari ati onal  probl e m and di vergence 

t heore m f or  t ensor  fiel ds was  used t o i ntroduce t he boundary condi ti ons  i nt o 

t hreedi mensi onal  vari ati onal  f or m.  The Ki rchhoff-Love assumpti ons  were i mposed 

on t he space of  vari ations  and i nner  product of  t ensor  fi el ds was  appli ed i n t he 

reducti on of  t he t hree- di mensi onal  vari ati onal  probl e m i nt o t wo- di mensi onal 

vari ati onal  f or m.  The Green’ s f or mul a was  e mpl oyed t o obt ai n an equi val ent  t wo-

di mensi onal  boundaryval ue probl e m f or pl ate i n consi derati on.  I n t he 

deco mpositi on of  gradi ent  of  def or mati on,  t he Pol ar deco mpositi on t heore m and 

mi ni mu m propert y of  rot ati on t ensor  were used t o f act or  t he gradi ent  of 

def or mati on i nt o product  of  rot ati on t ensor and stretch sy mmet ric t ensor.  The 

fl exure and von- Karma n conditi ons were used i n t he devel op ment  of  t wo-
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di mensi onal  fl exural  and me mbrane equati ons of  t hi n pl ate respecti vely.  I n t he fi nite 

el e ment  f or mul ati on,  a dual  vari abl e was  i ntroduced t o deco mpose t he fl exural 

equati on of  pl ate i nt o t wo coupl ed second order  equati ons.  For  the pur pose of 

nu meri cal  co mput ati on,  a f our- node quadril ateral  mi xed pl ate el e ment  wi t h t wo-

degree of freedo m per node was f or mul ated.  

The result  showed t hat  pl ate i n fi nite def ormati on resi sted ext ernall y appli ed 

l oads by bendi ng mome nt s,  t wi sti ng mo me nts,  i n- pl ane stresses and transverse 

shear  stresses.  Thus,  t he nonli near  pl ate developed i n- pl ane and out-of- pl ane f orces 

and t he deri ved t wo- di mensi onal  t heory reduced t o t he cl assi cal  Ki rchhoff- Love 

pl ate t heory.  The exi stence of  transverse shear  f orces i n t he pl ates i ndi cat ed t hat 

li nes ori gi nall y nor mal  to t he mi ddl e surf ace of  t he pl ates bef ore def ormati on mi ght 

not  re mai n nor mal  t o t he def or med surf ace and t he presence of  i n- pl ane f orces 

i ndi cated t hat  mi ddl e surf ace of  nonli near  pl ate mi ght  experi ence change i n l engt h. 

The exi stence and uni queness of  sol uti ons to bot h t he conti nuous and di scret e 

fl exural  probl e ms  of  nonli near  pl ate i n consi derati on were est abli shed.  

Furt her more,  nonli near pl ate i n fl exure exhi bited har moni c f orces wi thi n i ts pl anes 

and t he associ ated membrane probl e m was  descri bed by mi d- pl ane di spl ace ment s ζi  

= 0, i  = 1, 2, 3.  Among others,  t he transversal  i sotropy of  t he pl ate i n consi derati on 

i ncreased t he transverse shear  stresses,  i n- pl ane f orces,  axi al  and fl exural  ri gi diti es. 

I n t he case of  degeneracy t o i sotropy,  t he obt ai ned fl exural  ri gi dity coi nci ded wi t h 

t hose of Poi sson- Ki rchhoff’ s and Fopp- von Karma n’ s pl ate theori es.  

The st udy concl uded that  t he nu meri cal  results de monstrated t he effici ency of 

t he Gal erki n’ s fi nite ele ment  approach.  It  also rei nf orced t he vi ew t hat  fi nite 
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def or mati on approach to el asti city probl e ms  provi ded a mpl e opportunity t o reveal 

i mport ant effects whi ch s mall def or mati on t heory often fail ed to apprehend.  
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  Chapt er 1 

I NTRODUCTI ON 

1. 1 Prea mbl e 

A t hi n pl ate i s a struct ural  me mber  havi ng t he mi ddl e surf ace i n t he f or m of  a pl ane 

and whose t hi ckness i s suffici entl y s mall  co mpared wi t h its ot her  two di mensi ons 

( Amenzade ( 1979);  Ja wad ( 1994);  Ventsel  and Kraut ha mmer  (2001)).  The 

l oadcarryi ng acti on of  pl ates i s si mil ar,  t o certai n ext ent,  t o t hat  of  bea ms  or  cabl es; 

t hus,  pl ates can be approxi mat ed by t he gri dwork of  an i nfi nite nu mber  of  bea ms  or 

by t he net work of  an i nfi nite nu mber  of  cabl es,  dependi ng on t he fl exural  ri gi dity of 

t he struct ures (J a wad (1994);  Ventsel  and Kraut ha mmer  ( 2001)).  The i ncreasi ng use 

of  t hi n pl ate struct ures i n many branches  of  technol ogy such as  ci vil,  mechani cal, 

aeronauti cal, mari ne, and che mi cal has pro mpted i ntensi ve research in t he fi el ds of  

Engi neeri ng,  Physi cs and Appli ed Mat he matics ( Wu et  al.  (1987);  Shadna m et  al. 

(2001);  Reddy and Arci ni ega ( 2004);  Ti an et  al.  (2009);  and Ayankop ( 2012)).  The 

wi despread appli cability of  pl ate struct ures ari ses fro m t hei r i ntri nsic properti es, 

and based on t he f act  t hat  when suitabl y desi gned,  very t hi n pl ates can support  l arge 

l oads.  Thus,  t hey are ut ilized i n struct ures such as  pressure vessel s,  aircrafts,  bri dge 

decks,  mi ssil es,  powerpl ant  duct  asse mbli es,  sub mari ne bul kheads,  buil di ng sl abs,  
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machi ne parts,  shi p and barge hulls,  t o na me but  a f e w ( Sri ni vas (1970);  J a wad 

(1994), and Li e w and Kiti pornchai (1995)).  

The t heory of  el asticity,  i n its f unda ment al  f or mul ati ons,  descri bes t he st ati cs and 

dyna mi cs of  t hree- di mensi onal  el asti c bodi es.  It  i s well-known t hat  such f unda ment al 

model s are extre mel y co mpl ex,  due t o both di mensi onality and nonli nearity.  These 

i ntri nsi c co mpl exiti es have moti vated over  the years,  t he devel opme nt  of  si mplifi ed or 

reduced t heori es of  el asti city ( Rei ssner  ( 1944,  1945);  Reddy ( 1984);  Ci arl et  ( 1997);  and 

Ef rati  et  al.  (2009)).  I n parti cul ar,  model s of  l ower  spati al  di mensi on have been devel oped 

to descri be t he mechanics of  sl ender  bodi es such as  bea ms,  pl ates and shells ( Kant  ( 1982) 

and Ci arl et  ( 1997)).  Furt her more,  t here are t wo mai n reasons why t hese l ower 

di mensi onal  t heori es are often pref erred to t he t hree- di mensi onal  t heory t hat  t hey 

approxi mat e ( when t he t hi ckness or  di a met er of  t he cross secti on i s s mall  enough).  The 

one i s t hei r si mpl er tract abl e mat he mati cal  struct ure,  whi ch i n t urn generat es  a ri cher 

vari ety of  results,  whil e t he ot her  i s t hei r f ar  better a menability t o nu meri cal  co mput ati ons.  

For  i nstance,  t o di rectl y approxi mat e t he t hree-di mensi onal  di spl ace ment  fi el d of  a cooli ng 

tower  see ms  out  of  reach at  t hi s present  ti me,  even i n t he li near  el astic f ra me work ( Ci arl et 

(1997))  till  dat e,  t he existi ng codes use t wodi me nsi onal  equati ons,  such as  t hose of  W.  T.  

Koi ter ( Koiter ( 1970);  and Bernadou ( 1994)).  Li ke wi se,  subst anti al  progress has  recentl y 

been achi eved f or  di rectl y approxi mati ng three- di mensi onal  di splace ment  fi el d of  a 

li nearl y el asti c rectangular pl ate, for current codes are al most i nvari abl y based on 
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