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A b s t r a c t  

In this paper, we derived a four-parameter type I1 generalized half logistic dis- 

tribution. The cumulative distribution function, the  survival and hazard function. 

the moments: the median, the looppercentage point and the mode of the general- 

ized distribution are established. Some theorems tha t  characterized the probability 

distribution function are stated and proved. 
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1 Introduction 

A random variable X is said to have an half logistic distribution if its probability density 

function is 

Balakrishnan (1985) established some recurrence relations for the moments and product 

moments of order statistics for half logistic distribution. If a location parameter p and a 
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scale parameter g are introduced in the equation (1.1), the density of the random variable 

Balakrishnan and Puthenpura (1986) obtained the best linear unbiased estimates of the 

location and scale parameters p and u respectively of the half logistic distribution through 

linear functions of order statistics and they also tabulated the values of the variance and 

covariance of these estimators. Balakrishnan and Wong (1991) obtained approximate 

maximum likelihood estimates of the location and scale parameters of the half logistic dis- 

tribution with Type-I1 Right-Censoring. Olapade (2003) stated and proved some theorems 

that characterized the half logistic distribution. 

2 Four-parameter type I1 generalized half logistic distribu- 

t ion 

Olapade (2005) obtained a generalized form of the logistic distribution which contains four 

parameters as 

where p i s  the location parameter, g is the scale parameter, p is the shape parameter and X 

is a shift parameter. In this research, we want to obtain a generalized half logistic form of 

the generalized logistic distribution in equation (2.0) which we shall call a four-parameter 

type I1 generalized half logistic distribution and study its theories and properties. Let us 

consider the theorem below. 

Theorem 1: Suppose a continuously distributed random variable Y has probability 

density function fr(y), then the random variable X = l n ( ~ e - ~ / ( 2  - eCY)) has a gener- 

alized half logistic distribution if Y has an exponential probability density function with 

parameter b where X > 0 is a constant. 

Proof: If Y is exponentially distributed with parameter b, then the probability density 

function of Y is 

fy(y) = be-by, x > 0, b > 0. 

Then x = ln(Xe-Y/(2 - e-3')) implies that 

X + ex dy -A 
y = In(-) and - = - 

2ex dx X + e x '  
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where K = bX(1 - ( A  + l ) - b ) - l .  Then 

If we introduce the location parameter LL and the scale parameter c in equation (2.2),  we 

have 

bX eb(?) 
f x  ( x ;  P ,  a, b, A) = , x > 0 ,  p > 0 ,  c > O ,  b > O ,  X > 0 .  

~ ( 1  - ( A  + I)-" ( ( X  + e ( y ) ) b + l  

(2.3) 
This probability density function in equation (2.3) is what we call a four-parameter type 

I1 generalized half logistic distribution. It gives the half logistic version of the negatively 

skewed extended generalized logist,ic distribution in equation (2 .0) .  In the rest of this 

paper, we shall assume that p  = 0  and a = 1 without loss of generality. 

3 The cumulative distribution function, the survival func- 

tion and the hazard function of the four-parameter type 

I1 generalized half logistic distribution 

The cumulative distribution function of the four-parameter type I1 generalized half logistic 

distribution is obtained from equation (2.2) as 

b A  oo eb t  
Fx ( x ;  b, A) = J x  f x ( t ) d t  = 

( 1  - ( A  + l)-b) /U (A + dt 
0 

As the values of F x ( x ;  b ,A)  depends on the values of b, A and x ,  the probability that 

a four-parameter type I1 generalized half logistic random variable X lies in an interval 

(a l ,  a z )  is obtained as 

for any real value of b, X and any given interval (a l ,  a2). 
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If X is t,he lifetime of an object, then the survival function S ( x )  of X is 

This is the probability that an object whose life time is a random variable X that follows 

the four-parameter type I1 generalized half logistics distribution wiIl survive beyond time 

2. 

The hazard function of the random variable X is H ( x )  = f ( x ) / ( l  - F ( x ) ) ,  then if 

X follows the four-parameter type I1 generalized half logistics distribution, its hazard 

function is 

H ( x )  = 
Xbebx 

( A  + eZ)"l[(1 - ( A  + I F b )  - (*+$b+I -I- * I .  
(3.4) 

4 Moments of the Four-parameter Type I1 Generalized Half 

Logistic Distribution 

Considering the four-parameter type I1 generalized half logistic distribution function 

f X ( x ;  6 ,  A) given in equation (2.2). The nth moment of X is 

bX 32 xnebz 

E [ x n l  = (1  - ( A  + 11-b) 1 (A + eX)b+l 
dx. 

The tables below shows a tabulated value of E[Xn] for b = 0.25,0.50,0.75,1.00, 

1.50,2.00,2.50,3.00,3.50 and 4.00 when X = 1.5,2.0,2.5 and 3.0. These values can be 

used to compute the mean, variance, skewness and kurtosis for the four-parameter type 

I1 generalized half logistic distribution using the following relations: 

2 
412 = v2 - v1 

p3 = Us - 3v2v1 + 21/13 
pq = vq - 4v3v1 + 6v2u? - 3 ~ :  (4.2) 

where vi is the ith moment E[Xi] and p l  =the mean, p2=the variance, skewness ,B1 = 

and the measure of kurtosis ,B2 = p4/p$. 

Tables of moments of the four-parameter type I1 

generalized half logistic distribution. 
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Table 4.2 : X = 2.0 
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Table 4.3 : X = 2.5 

Table 4.4 : X = 3.0 
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5 The median of the four-parameter type I1 generalized half 

logistic distribution 

The median of a probability density function f (x) is a point x, on the real line such that 

J:L f(x)dx = i, that is F(xm)  = 0.5. For the four-parameter type I1 generalized half 

logistic distribution, it implies that 

Therefore, 

This value of the median reduces to ln3 when b = 1, A = 1 as the median of standard half 

logistic distribution. 

6 The looppercentage point of the four-parameter type I1 

generalized half logistic distribution 

For this distribution the 100p-percentage point is obtained from the equation 

We solved for xp as 

This reduces to ln3 when b = 1, A = 1 and p = 0.5 which corresponds to the value of 

median of the standard half logistic distribution. The knowledge of x, for several values 

of p provides an indication of how the unit probability mass is distributed over the real 

line. 
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7 The mode of the four-parameter type I1 generalized half 

logistic distribution 

For this distribution the mode is obtained by differentiating the probability density func- 

tion in equation (2.2) with respect to x, we have 

Equating the derivative to zero gives and solve gives x = InbX, which is the mode of 

the distribution as  confirmed when b = 1, X = 1 for standard half logistic distribution. 

Further confirmation of the mode of the distribution could be obt.ained by taking the 

second derivative of the probability density function and check the sign of its value when 

x = In bA, which is found to be negative. 

8 Some theorems that characterize the four-parameter type 

I1 generalized half logistic distribution 

Here we state and prove two theorems that characterize this distribution. 

Theorem 8.1: Suppose a continuous random variable Y has a uniform distribution 

over a. unit range (0, I ) ,  then the random variable 

has a four-parameter type I1 generalized half logistic distribution with parameters b and 

A. 

Proof: If a random variable Y has a uniform distribution over a unit range (0, I), 

then 

~Y(Y) = 1, 0 < Y < 1. 

x t h i  Also, x = In(-) implies that 

Zbebx dy 2 b b ~ e h  
Y =  and - = (A + ex)b dx (A + e ~ ) ~ + l  

F'rom the theory of mathematical statistics, 
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Since f y ( ~ )  = 1, then 

where Q is a normalizing constant. The value of Q that makes fx(x)  a probability density 

function is Q = (2b(1 - ( A  + ~ ) - ~ ) ) - l .  Therefore, 

This completes the prove. 

Theorem 8.2: The random variable X follows a four-parameter type I1 generalized 

half logistic distribution with parameters b, X if and only if the density function f satisfies 

the homogeneous differential equation 

(prime denotes differentiation). 

Proof: Suppose X is a four-parameter type I1 generalized half logistic distribution 

random variable, then 

By differentiating fx(x) with respect to x, we have 

By substituting f (x) and f'(x) in the differential equation (8.3), the equation is satisfied. 

Conversely, we assume that f satisfies equation (8.3) and separate the variables and 

then integrate. we have 

ex 
In f = bin(-) - ln(X + ex) + lnc 

X + ex 

Therefore, 
Cebx 

f = (A + ex)b+l ' 
O < X < C Q ,  b>O,  X > 0 ,  (8.6) 

where C is a constant. The value of C that makes f a probability density function is 

bX This completes the prove. = ( l - ( A + l ) - - b ) .  
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9 Conclusion 

We have established the probability density function of a four-parameter type I1 general- 

ized half logistic distribution with its cumulative distribution function, survival function 

and hazard function. The moments E [ x ~ ]  for i = 1,2,3,4 have been tabulated for some 

values of parameters b and A. The median, the looppercentage poiiit and the mode of the 

distribution were presented. Two theorems that characterized the distribution were stated 

and proved. Further generalization of the distribution which contains four parameters t,o 

a five-parameter type I1 generalized half logistic distribution is currently under study. 
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