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Abstract

In this paper, we obtain a general characterization of analyticity of
function of a complex variable using Cauchy integral formula.

1. Introduction

Important applications of Cauchy’s theorem as well as that of ils converse
(Morera’s theorem) have being noted by many authors. Among numerous
applications of Cauchy’s theorem is the Cauchy’s integral formula. Ko et al. in [2]
obtained a new characterization of the analytic functions by showing the converse of
the Cauchy integral formula. In this paper, the author gives a generalization of the
characterization of the analytic function using Cauchy integral formula.

We shall need the following results in the proof of our main results.

Cauchy integral formula {1-4]. Let f be analytic on a domain D and that y is a

positively oriented simple closed contour in D whose inside Q also lies in D. Then

2ni Jyw—-z

s
flz)= L J J1W) dw, forall z e Q
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Lemma 1 [2]. Ler f(z) be continuous, not necessary analytic on a contour vy,

which is rectifiable in a domain D. Then the function

Fizy= [ LW

7 W=z
is analytic on Dy, with

j ACO
b

(w~2)

Lemma 2 [2]. Let f(z) be continuous on a closed contour y contained in a

domain D. Then the following conditions are equivalent:

J‘f()

(1) f(2) is analytic in Dfy, (ii) f(z dw for each z not on y in

2”1;1

D not on C in D.
2. Main Results

We shall now give the statements and proofs of our main results.

Theorem 1. Let f(z) be continuous but not necessary analytic on a contour
which is rectifiable in a domain D. Then the function F(z)= J. de is
yw-z

analytic on D[y and its nth derivative exists with _

F'(z) = nJ. —M——dw

y (W _ z)n+1

Proof. Let z be an arbitrary point not on C in D. Let the minimum distance of z
to C'be d and let the length of contour be L and | f(z)| < M, forall z e C. F(z) is
analytic by Lemma 1, it is left to show that

F(")(z) =n —f(w)—dw

M (W _ z)rH-l

Let the statement be true for » =1 as it is shown in Lemma 1. Now, if the
statement is true for n = k, k = 2. The truth of k£ = 2 is shown in [, 3, 4] and in

most of the complex analysis text. We shall now show for n = k+1, k>2 for
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k =2, we need to show that

Fo= [ L

Now, by the definition of differentiation, we have

F'(z+5)-F"(2)

S

F"(z) = lim

5s—0

I P S B
st( P —

%J;f(w) (w=2)° =(w=2)° = 3(w=2)%s + 3(w-2)s2 -

(w-z —5)3(w— 2)3

- 2 — —_
J;f(w)3(W—;.) 3(w—z)s - s?

(w—-z- 5)3(w - z)3 ’

But

D iy
Erdor@) s [ )L 4,

B I Rt ek (R R
tv=z=5fn- 27 - (52’

w—=2

jf(w -2 3wzl —w-z? 3wz i

w-z-sw-z? ’

< As|M6d® -9d|s|+3 s PL
a'7

F(m‘S) F'(z) 3J'f

Thus, as s — 0, we have

= 0. So by induction,

1 wW—2z

F'(z+5)-F"(2) 3If(w
b

n+l

we have F ”)(z) = ”j f(w dw. Thus Theorem 1 is proved.

Remarks. (i) The last inequality in the proof of Theorem 1 is as a result of the
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fact that, the minimum distance of M(z) to the contour v is d/2, thatis,|w—z - 5]
>d/2 and |w—z|2d, forall w=vy, (i) Theorem 1 generalises Lemma 1 on
page 108. »

Theorem 2. Let f(z) be contiruous on a closed contour vy contained in a

domain D. Then the following conditions are equivalent. (8) f(z) is analytic on

]
Dfv, (b) f(”)( z) = 771:1 j ) dw, for all znotonyin D

TwW—Zz

M) (s
Proof. Let f{z) =5 I f(w ~dw. Then f "(z) = L J‘ / ('t)d:u.

F7)

Y w—=z

Integrating T j dw by parts » times (boundary terms vanish), we

have

w—z 2mi |

[ (n) ( 1 q -
_)_1_. J f ( {W = : | (w— Z‘)ilj'[']*”(w) RJAV/'“' W) (w=2)" +---

for n = 3, we obtain

’ITI j l—m aw = %(W = :)“}‘,/-”(".L'] +(w-— ‘)‘ f'(w) + 2((w— z)7 f'(w))
2ni ), w—z 4 N

paf L dw.
Y (w— )

The last equality shows that

f(w) = or j OO + dw (the boundary terms vanish),
Ty (= 2)*
]

[ f(w)
f (*\J——J —j‘—a"
2ni v (:W _ :)4

By induction, we have
n! f(w)
7y = 2 J ,v_,/_Lx«L_A,m

21

This completes the proof of Theorem 2.
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