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ABSTRACT 

Thi s  wor k consi dered strai n-gradient  pl asticit y t heory.  The effects of  i nt ernal  mi croforces  i n 

pl asticall y defor med bodi es  were i nvesti gat ed thr ough additi onal  explicit  dependence of 

energy functi on on t he divergence of plastic strai n. 

The pri nci pl e of  virt ual  power  was  e mpl oyed t o model  t he macr oscopi c and mi cr oscopi c 

force bal ances;  first  and second l a w of  t her modyna mi cs  were used t o construct  t he l ocal 

di ssi pati on i nequalit y;  and von Mi ses  yi el d criteri on,  l ocal  di ssi pati on inequalit y t oget her 

wi t h t ensor  deri vati ves of  free-energy f uncti on were used t o est ablish t he constit uti ve 

relati ons.  These constituti ve rel ati ons  and mi croscopi c f orce bal ance were e mpl oyed i n 

deri vi ng t he governi ng f low r ul e f or  t he pr obl em under  consi derati on.  For  t he pur pose of 

nu meri cal sol uti on, a Ritz fi nite ele ment met hod was used.  

The results obt ai ned showed t hat  i nt ernal  microforces  count erbal ance t he pol ar 

mi croforces  i n pl astically defor med bodi es.  Further more,  t he obt ai ned flow r ul e generalizes 

the Gurti n- Anand fl ow rul e.  In t he case of  pl ane strai n pr obl e m,  i t  was  reveal ed t hat  pure 

shear  can be achi eved even if  t he defor mati on pr ocess  i s  not  purel y di ssi pative whereas,  pure 

shear  i s  onl y achi eved f or  purel y di ssi pati ve deformati on i n literat ure.  For  a fi xed dissi pati ve 

lengt h scal e l,  and var yi ng energetic l engt h scal es  Q and L,  t he pl astic strain i n t he pl asticall y 

defor med bodi es  at  any t i me t  decreases.  Fi nite ele ment  sol uti ons  f or  one di mensi onal  vi sco-

pl astic pr obl e ms  showed that  whenever  t he rat e-sensiti vity para met er  m = 1,  t he pl astic strai n 

for  each ti me attai ns  a threshol d,  while t he pl astic strai n i ncreases  with ti me.  The fi nite 
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el e ment  sol uti on of  a  purel y energetic pr ocess  i n whi ch m = 0,  reveal ed t hat  t he pl astic strai n 

is approxi mat el y zero at some regi on of t he one dimensi onal visco-pl astic soli d. 

Thi s  st udy concl uded t hat  t he i nt ernal  mi croforces count erbal ance t he pol ar mi crostresses 

in plasticall y defor med bodi es. 

 

Key word:  Pl astic strai n/  Strai n gradi ent/  Pol ar mi crostresses  / Internal 

mi crostresses 
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Chapter 1 

I NTRODUCTI ON 

1. 1 Prea mbl e 

Pl asticit y i s  t he st udy of  stress  and strai n di stri butions  i n pl astically deformed bodi es.  A body i s 

pl asticall y defor med if  it does  not  regai n its  ori ginal  shape aft er  t he re moval  of  l oads  t hat  cause 

the body t o defor m (i. e.  mat erials cannot  f ull y recover  t heir  ori gi nal  configurati on).  The t heor y 

of  el asticit y has  been presented wit hi n t he frame wor k t hat  t he l oad causi ng defor mati on i s 

bounded or  restricted t o a li mit  called t he el astic l i mit  so t hat  at  t he re moval  of  l oads,  t he ener gy 

st ored i n t he mat erial  during defor mati on i s  co mpl et el y rel eased.  Ho wever,  in pl asticit y,  t he l oad 

causi ng defor mati on i s  al lowed t o go beyond t he elastic li mit,  ent eri ng i nt o the pl astic regi me.  I n 

this regi me,  t he el astic defor mati on ( whi ch results  i n stretchi ng and t he r otation of  t he mat eri al) 

and pl astic defor mati on (resulti ng t o per manent  or  irreversi bl e di st orti on of  t he mat erial)  occur. 

As  a  consequence of  t his,  t he defor mati on experienced by a body can be deco mposed i nt o t wo 

parts: elastic and pl astic parts. This 

1 

deco mpositi on gi ves  reason why t he t ot al  strai n and t he free energy can be written as  su m of  t he 

el astic and pl astic parts.  Ho wever  at  t he re moval  of  l oads,  t he body undergoes  el astic unl oadi ng. 

The defor mati on resulting from pl astic behavi our  gi ves  rise t o an i rreversi bl e or  di ssi pati ve 

pr ocess  so t hat,  t he mat erial  is  seen t o be per manentl y di st orted.  Si nce t he pl astic def or mati on 

wi ll  l ead t o per manent  r earrange ment  of  l attice struct ures  t hat  ma ke up t he entire body, 
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infor mati on on t he mechani cal  behavi our  of  mat erials at  t he mi cron scal es  wi ll  prove very usef ul 

( Gurti n and Anand,  2005).  Ho wever,  t his  i s  t oo compl ex t o be modelled directl y,  and t hat  i s  why 

pheno menol ogi cal  models  are usuall y e mpl oyed.  These models  i ncl ude:  Classical  and t he strai n 

gradi ent theories. 

At  t he mo ment,  t he cl assical  t heory of  pl asticit y can be sai d t o be well underst ood.  The 

governi ng equati ons  are expressed as  a  li near  theor y wit h appr oxi mation i n space and ti me 

obt ai nabl e t o desired degree of  accuracy.  This  t heor y t hus  has  a fir m mat he mati cal  basis  whi ch 

makes  it  easi er  for  co mput ati onal  met hods  such as  t he fi nite el e ment  met hod t o be adopt ed ( Han 

and Reddy,  2013).  The classical  t heory can serve as  a  basis  for  whi ch ot her  t heories  such as  t he 

strai n gradi ent  pl asticit y can dra w t heir  models  i n or der  t o reveal  useful  i nfor mati on unaccount ed 

for by t he classical theory.  

The pl astic fl ow l a ws  whi ch descri be t he governing equati on f or  a  body undergoi ng pl astic 

defor mati on are generally present ed i n t wo alternati ve f or ms.  These are t he pri mal  and dual 

for mul ati ons.  The pri mal  for mul ati on i s  a  ki ne matically based f or mul ati on whose variabl es  of 

interest  are di spl ace ments and strai ns.  On t he ot her  hand,  t he dual  f or mul ati on has,  as  its 

variabl es  of  i nt erest,  t he force-li ke variabl e such as  stress.  Any of  t he f ormul ati ons  can be  used 

to obtai n the fl ow rul e for plastic defor mati on dependi ng on t he variabl es of interest.  

The met hod adopt ed i n many literat ures  has  been t he pri mal  f or mul ati on appr oach ( Han et  al, 

1997;  Ebobisse et  al,  2008),  li kel y t o account  for ki ne maticall y based i nt ernal  variabl es  rel at ed 

to t he energy f uncti on and,  t he stress  t hrough t he constit utive rel ati ons.  Thus,  t he fl ow r ul e or  t he 

governi ng equati on for plastic defor mati on due t o the i nternal variabl es can be obt ai ned t hrough 
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