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ABSTRACT 

Thi s st udy i ntroduced a ne w and l arger  cl ass of  contracti on mappi ngs and det er mi ned 

conditi ons f or  exi stence and uni queness of  fixed poi nts f or  t he cl ass of  contracti on 

ma ppi ngs  i ntroduced.  Thi s i s wi t h a vi e w t o establishi ng t he conditi ons f or  t he exi stence 

and uni queness of  t he f ixed poi nts f or  a cl ass of  AΦ−contracti ons i n G−met ri c space and 

t he met hod of thei r approxi mati on.  

A contracti ve condi ti on was  defi ned.  So me of  exi sti ng ones  i n G−met ri c space was 

generali zed.  An i terati ve sequence was  generated by t he use of  t he defi ned contracti ons.  

The requi red conditi ons f or  t he sequence t o be Cauchy and convergent  were obt ai ned,  

and weak co mpati bility conditi ons were used i n pl aces where more than one operat or 

were consi dered to approxi mat e t he common fixed poi nts.  

The AΦ−contracti ons was f ound t o be more general  t han Φ−contractions  and l arger  t han 

t he A- contracti ons.  Si nce generali zed metri c space was  wi der  t han t he metri c space,  t he 

correspondi ng results obt ai ned extended t hose of the metri c space.  

Thi s st udy concl uded t hat  t he exi stence of  fi xed poi nts f or  t hi s cl ass of  mappi ngs  was 

possi bl e,  if  t he generalized metri c space was  sy mmet ri c.  Fi xed poi nts exi sted and uni que 

f or each of the contraction mappi ngs.  
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CHAPTER ONE 

I NTRODUCTI ON 

1. 1 General Background 

The fi xed poi nt  t heory i s  one of  t he most  po werf ul  t ool s of  modern mat he mati cs.  It 

co mpri ses t he st udy of  anal ysi s,  t opol ogy and geo metry.  It  has  been devel oped t hrough 

different  spaces rangi ng f ro m t opol ogi cal  space,  set  t heory and f uzzy topol ogi cal  space.  The 

presence or  absence of  fi xed poi nt  i s an i ntri nsi c propert y of  a f unction.  Ho wever,  many 

necessary and suffici ent  conditi ons f or  t he existence of  such poi nts i nvol ve a mi xt ure of 

al gebrai c and topol ogi cal properti es of the mappi ngs and its do mai n.  

A poi nt  i s often call ed f ixed poi nt  when i t  re mai ns i nvari ant  i rrespecti ve of  t he t ype of 

transf or mati on i t  undergoes.  Let  X be a none mpt y set  and l et  T be a self- map of  X.  Then any 

poi nt x ∈ X such t hat Tx = x is call ed a fixed poi nt of T i n X.  

Poi ncare ( 1886)  was  the fi rst  t o work i n t hi s popul ar  fi el d.  Then f ol l owed by Br ouwer  i n 

1912 who proved fi xed poi nt  t heore m f or  t he sol uti on of  t he equati on f x = x.  Fi xed poi nt 

t heore ms  f or  a square,  a sphere and t hei r n−di me nsi onal  count erparts were al so proved by 

Br ouwer.  The basi c contracti on mappi ngs whi ch was  consi dered as  f unda ment al  pri nci pl e 

i n fi el d of  f uncti onal  anal ysi s ca me i nt o exi stence t hrough Banach ( 1922).  He proved t hat 

t he contracti on mappi ngs i n compl et e metri c space posesses a uni que fi xed poi nt.  

Banach contracti on princi pl e has  been ext ensivel y used t o st udy t he exi stence of  sol uti on 

f or nonli near  equati ons and t o prove t he convergence of  al gorit hms  i n Co mput ati onal 

Mat he mati cs.  These appli cati ons make fi xed poi nt  t heory si gnificant.  Theref ore,  so me 

mat he mati ci ans have been propell ed t o contri but e enor mousl y i n t he fi el d t hrough 
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generali zati on,  modificati on and ext ensi on of  t he basi c contracti on ma ppi ngs,  fi ndi ng t he 

fi xed poi nt(s)  of  self- mappi ngs and nonself- mappi ngs defi ned on several  a mbi ent  spaces, 

satisf yi ng a vari et y of  conditi ons.  As  a result,  several  fi xed poi nt  t heore ms  were devel oped.  

So me of  t hese t heore ms provi de a constructi ve met hod f or  fi ndi ng fixed poi nts.  They al so 

provi de i nf or mati on on t he convergence rat e al ong wi t h error  esti mat es.  Co mmonl y,  t he 

iterati ve procedures serve as  constructi ve met hods  i n fi xed poi nt  t heory.  It  i s f urt her more, 

of cruci al i mport ance to have bot h a pri ori and a posteri ori esti mat es of such met hods.  

Fi xed poi nt  t heory i s an i nt erdi sci pli nary t opi c whi ch can be appli ed i n vari ous  di sci pli nes 

of  mat he mati cs and mat he mati cal  sci ences such as  econo mi cs,  optimi zati on t heory and 

approxi mati on t heory.  

Wi t h t he di scovery of  co mput er  and devel opment  of  ne w soft wares for  f ast  co mputi ng,  a 

ne w di mensi on has  been gi ven t o t he fi xed poi nt  t heory.  It  has  beco me t he subj ect  of 

sci entific research both i n det er mi nati on of  econo mi c deci si on as well  as  f uzzy and 

st ochasti c ci rcumst ances.  The i ntroducti on of  J ungck’ s fi xed poi nt  t heore m on 

co mmut ati ve mappi ngs,  its rel axati on t o weak co mmut ati vity by Sessa t oget her  wi t h t he 

co mi ng up of  so me l atest  iterati ve processes (such as  J ungck-Ishika wa i terati on,  S- T 

iterati on etc)  whi ch makes t he convergence of  fi xed poi nt  approximati on process easil y 

achi evabl e, a ne w t urn has taken pl ace i n the fiel d of st udy up till today.  

1. 2 General Types of Mappi ngs i n Fi xed Poi nt Theory 

1. 2. 1 Contracti on Mappi ng Pri nci pl e 

Let  ( X, d)  be a metri c space.  A map T :  X → X is a contracti on mappi ng or  a contracti on if 

t here exi sts a constant c ∈ [0, 1), such t hat 

 d( Tx, Ty) ≤ cd(x, y) (1. 1) 

f or all x, y ∈ X.  
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