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Abstract: The non-isothermal flow of dusty, viscous, incompressible conduct-
ing fluid between two oscillatory parallel plates is studied. This flow is described
by the continuity, momentum and the energy equation, which accounts for the
heat and mass transfer. Closed-form solutions method initiated by the bound-
ary conditions were obtained for zero and non-zero pressure gradient. These
solutions show that the non-isothermal nature of the flow has led to a dramatic
departure from the isothermal case (see Ajadi [1], Ganguly and Lahiri [6]). The
solutions were further demonstrated graphically to elucidate the significance of
parameters such as Prandtl number (P, ), the magnetic parameter (By) and the
Grashoff number (G,) on the velocity profiles.
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1. Introduction

The study of non-isothermal convective flow of a fluid-particles system between
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two parallel plates is still receiving attentions. This may be due to its wide
range of application in diverse area of science and technology, such as aerospace
technology, geothermal energy and area which involves heat and mass transfer.
However, little is known about the effect of temperature on the flow behaviour
of the particulate flow. In the absence of a radiative heat source (isothermal
case), Saffman [8] examined the stability of laminar flow of a dusty gas, in order
to see how dust may affect the critical Reynold’s number for transition from
laminar to turbulent flow. They derived the equation describing the motion of a
gas carrying small dust particles and the equation satisfied by small disturbance
of a steady laminar flow.

Furthermore, the motion of an isothemal dusty viscous incompressible fluid
between two infinite parallel plates, where both plates are assumed to be oscil-
lating harmonically with different amplitude and frequency in their own planes
were considered by Ganguly and Lahiri [6]. They obtained a closed-form so-
lutions for the velocities. Recently, Ajadi [1] examined the isothermal flow of
dusty viscous incompressible conducting fluid under the influence of gravita-
tional force. By using realistic approximation, closed-form solutions for the
velocity of the fluid and particles were obtained. It was observed that only the
velocity of the fluid is affected by gravity.

The influence of tem;)erature resulting from heat transfer on a fluid particle
system embedded between parallel plates is well documented. For instance,
Uwanta [12] considered the oscillatory free convection flow of incompressible
rigid conducting fluid, which contains suspended inert rigid spherical particles
between two infinite plates. Using the Laplace transform, they showed that
temperature has significant effect on the fluid velocity but has no effect on
the particle velocity. Furthermore, Fareo [5] obtained closed-form solutions
for isothermal and non-isothermal motion of dusty viscous incompressible fluid
between two infinite oscillating plates. The solution for the non-isothermal
case is a departure from the isothermal case. Soundalgekar and Bhat [9] also
obtained an exact solution of fully developed flow of a viscous incompressible
fluid in a porous medium between two vertical parallel plates. They showed
the temperature and velocity profiles graphically. Lyubimov et al [7] considered
the non-isothermal two phase flow in a closed cavity, where one of the phase
is gas (or liquid) and another phase consist of solid particles. They examined
the linear stability of the plane parallel flow between differently heated vertical
plates for the constant gravity field. Singh et al [10] also examined the laminar
convective flow of an incompressible, conducting, viscous fluid embedded with
non-conducting dust particles through a vertical parallel plate channel in the
presence of uniform magnetic field and constant pressure gradient taking volume



NON-ISOTHERMAL EFFECT ON THE MOTION OF... 163

fraction of dust particles into account, when one plate of the channel is fixed and
the other is oscillating in time. They examined the effect of various parameters
on the velocities, skin friction and heat transfer.

The main objective of this paper is to examine the effect of a radiative heat
source on a system of laminar, convective particulate flow through a parallel
plate channel of non-conducting and oscillatory walls. By using an analytical
framework, the effect of temperature on the fluid and particle velocity have been
investigated for different parameter regimes and also demonstrated graphically.

2. Governing Equations

In cartesian coordinate system, we consider a two dimensional unsteady, incom-
pressible plane viscous fluid between two parallel plates distance d apart. Let
z-axis be along the flow of liquid at the fixed wall and y-axis perpendicular to
it. A uniform magnetic field of strength Bo(= ueHp) is applied perpendicular
to the flow region.

In addition, the following assumptions are essential:

(i) the dust particles are spherical solid, non-conducting, equal size and
uniformly distributed in the flow,

(ii) the interactions between the particles, chemical reactions between the
solid and fluid are neglected,

(iii) insignificant particle concentration with constant density.

Thus, the conservation laws for the mass, momentum and energy can be
written as

7T 277 - AT
oY (NI = — LN (V =U)+gB8(T —Tp), (2.1)
ot P P p
, V.U =0, (2.2)
1% K
- g — _T el -V 9
5 T (VVIV =gB(T —To) + —(U — V), (2.3)
ON ,
= (NV) =0, 2.4
5 tV-(NV) =0, (2.4)
. )
O+ (UV)T = XV’T — (T~ Ty), 25

where U and V denote the local velocity vectors of fluid and dust particles
respectively, p is the density, p is the static fluid pressure, v is the kinetic
viscosity, IV is the number of dust particles per unit volume and K is a resistance
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coefficient, By is a constant magnetic field parameter, g is the acceleration due
to gravity, m is the mass of the particles, T' is the temperature, Tp is the
reference temperature, X is the thermal conductivity and -« is the coefficient of
heat transfer. Since motion is in the z-direction, using the analysis in Ajadi [1],
the continuity equation (2.2) becomes

u=ufy), v=v(y) and p=p(z)
Thus the equations (2.1)-(2.5), in one dimensional form bocome
Ou  ldp ?_22 B aBgum KN

5 s tiap T, Ty wmwrdT-T) (29
ov K

—_— = —_ — - ‘)' )

gB(T — To) + 37 (u~v), (2.7)

oT 82T »

—_— = —_— —_ 2;7\

5 = o (T — To) (2.8)

Due to the oscillatory nature of the walls, the relevant boundary condition
related to this problem are

u=ae" Mty =0, u = age” ™ty =d,
T = sinh(Ay), t=0, (2.9)
T=0 y=0, and 7T =e “sinh(Ad), y=4d, t>0.
We non-dimensionalize the above equations using the variables,
2
- - , h°p v ,  uh ., I'—1Tg ,  vh

==, Yy==, p=—5, t ==t uU=—, T = y U= —.
- Y= P pv2’ 2o v’ Tw—To ’ v

Thus, the equations (2.6)-(2.8) become

ou  dp 0%w'? oBZhW/ KNR,, |, h3gB
= = — — T —To)T', (2.10
ot dz’ + By’ pv + oU (v =)+ 2 (Tw 0) ( )
o' gBh? Kh?v
— = (T, — Tp)T' u =), 2.11)
ot! v2 (T )T + my (w' =), (
' 2 2 2
or _ X oT" 5 (2.12)
ot vpCp Oy v
After dropping primes in equations (2.10)-(2.12), we have
ou dp 0%*u o
r i _54-5? — Mu+ Di(v — u) + G,T, (2.13)
ov .
- = G7T i DQ(U - ’U), (214

ot
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or 16°T
—_— = — — QT, 2.15
ot~ o 9D (2.15)
where
2 2 3 T —T
M:aBoh, D1=KNh, D2=Kh, GT:gﬂh(ig 0),
pv pv my v?
b2
D= l/p/\Cp’ P = V/;Cp, () = L and m = %
The solution of (2.15) is
T(y,t) = e “!sinh(Ay), where A = /Pr(Q — iw). (2.16)

In order to solve (2.13) and (2.15) by analytical procedure, there is need to
consider some particular cases of pressure gradient (%).

d
2.1. Constant Pressure (Z£2 = 0)

Taking derivative of (2.13), we have
Ut = Uyys — Mug + Dy (v — ug) + G, Ty (2.17)
and expressing as
[—gg + Uy — Mu+ G T — ]
D,

(u—v) = (2.17)a

(2.14) becomes
vt=GT+&[—@+u — Mu+ G, T — uy. (2.17)b
r Dl dr vy T t
Substitute (2.17)a into (2.17), we have
Ugt = Uyyt — (M + D+ Dg)ut + D2uyy —DoMuy — D2g§ + GT[Tg + (D1 + DQ)T]
(2.18)
Assuming constant pressure (i.e gg = 0), (2.18) reduces to

Ut = Uyyt — (M + D1+ Do)ug + Douyy — DoMu+ G [Ty + (D1 + D2)T]. (2.19)
Due to the nature of the boundary conditions, we take ansatz in the form
u(y,t) =a1f(y)e™™Mt + asg(y)e " (2.20)
Substituting (2.20) into (2.19), we have

—iX2aq; femMt — i\2goge 2t = (—i)\lalf"e_“\lt — i)\gagg"e_“\zt) -+

(M + D1 + Do) (i/\lalfefi’\lt + i/\gagge“i/\zt) + Do (alf”e_"’\” + ('z,gg"e*i“\"'>
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—DyM (alfe‘“‘lt + a,zge—“ﬂ) + Gr[—iw + (D1 + Do)]e “tsinh(Ay). (2.21)

Assuming that assuming that A\; = w and collecting terms, we obtain

ale_i’\lt : - i)\%alf = —i/\lalf” -+ (M + D, + Dg)i/\lalf + angAf”
G \
—DyMf + a—T(Dl + Dy — iw) sinh(Ay), (2.22)
U
age”2t . i 2g = —idag” +i(M + Dy + Dy)Bhog + Dag” — DaMg. (2.23)

After rearrangement, equations (2.22) and (2.23) may be written as

[(iM\1)(M + D1 + D2) + (iA?) — Dy M]

1
fo+ B —in /
Gr(iw — Dy — D)
= sinh(A 2.24
and
" [(i/\‘Z)(A/[ + 15 1 D2) + (L/\%)] =
= =10 2.25)
which can be expressed as
"+ P*f = G, Rsinh(Ay), (2.26)
g'+ S =0, (2.27)
where,
P2 _ iA\{(M + D1 + D3) +i)2 — Do M o iAa(M + Dy + Dy) + i\
D‘2 - ZAI ’ Do — l)\z ’
R— (’iw-—Dl—Dg)
al(Dg — 2/\1)

Combining (2.20) and (2.16)
are”Mt = g1 £(0)e~M! + ayg(0)e™2t = £(0) =1, ¢(0)
ase”2t = a1 f(d)e™ ™M + agg(d)e™ ™t = g(d) =1,  f(d)

Let the particular solution (f = f,) of (2.26) be
fp = Ajcosh(fy) + B sinh(0y),

0,
0

then
7 = A16° cosh(fy) + B16°sinh(6y).
After subsitution equation (2.26) becomes
A16% cosh(Ay) + B16%sinh(fy) + P?(A; cosh(fy) + By sinh(y)) = G, sinh(Ay).
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Let 8 = A,
G, R
4=0 B=p
Hence
G,R .
foy) = 55— sinh(Ay),

A+
fe(y) = Ascos(Py) + Basin(Py).
Combining the homogeneous and particular solutions, we obtain
G.R .
f = fe+ fp = Az cos(Py) + Basin(Py) + ) sinh(Ay),

where As, By are constant to be determined. The boundary conditions
f(0) =1 and f(d) =0,
cos(Pd) GrR sinh(Ad)

we have, As =1 and By = —Sin(Pd) — PEiAT sn(Pd)
. sinP(d—1y)
~ sinPd
G:R . . : : ‘ —_
+ (sinh(Ay) sin(Pd) — sinh(Ad) sin(Py)). (2.28)

(P2 + A?)sin(Pd)
Similarly,
g(y) = Ccos(Sy) + Dsin(Sy),
where C' and D are constant to be determined. Using the boundary conditions,
g(0) = 0 and g(d) =1,
we have C =0 and D = 3;11—33. Hence,

sin Sy
= . 2.29
9W) = 554 (2.29)
Substituting (2.28) and (2.29) into (2.20), we obtain
» B sin P(d — y) sinh(Ay) sin(Pd) — sinh(Ad) sin(Py)
i) = o | 2T+ 6o (P + A7) sin(Pd)
—int SINSY __inge
X e + ar—o € . (2.30)
Substituting for u in (2.17)a and simplifying, we obtain
o _ a1 . o sin(d — y) P
V= D, {(M%—Dl i+ P )isinPd

s(M + Dy + A? —iAy)

R
G, | sinh(A; -
-+ (blnl( y) + T A
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( sinh(Ay) sin(Pd) — sinh(Ad) sin(Py))] et + ay

(A\[ ‘+‘ DL + 5‘2 - Z/\z)}

D,
sin Sy _;\.¢ !
X Ze 20 (2.31)
sin Sd ( '

Solutions (2.30) and (2.31) may be simplified as

u(y,t) = a1 [smsljrf—dpgy) + G, X (sinh(Ay) sin(Pd) — sinh(Ad) sin(Py))]

sin Sy P—i>\2t

ti —iAit : ., (2.32
imese +az—os (2.32)
Wsind—-y)P G
v(y,t) = aq [—;TSH PZ) + —Dz sinh(Ay) + XY (sinh(Ay) sin(Pd)
; ZsinSy _;
—_— o 3 —’LAlt 1./\2!2 2.33
sinh(Ad) sin(Py))] e + as Dy sinSd ¢ , (2.33)
where
R
= ; 2 _
W—M+D1—2A1+P, X—m,

Y=Di+M+A?—i)\ and Z =M+ Dy + 5% —i)2.

We note that these results are generalization of known ones in literature.

In particular, the special case of isothermal flow, Ty = T,, = T(i.e G, = 0),

we recovered the result of Ganguly and Lahiri [6] and Ajadi [1]. In particular,

for lower fixed plate (y = 0) and upper oscillating plate (a1 = A\ = 0), we
recovered the results of Ganguly and Lahiri [6]

u(y,t) = CLQ%e"M”5 and v(y,t) = gg—lz—z—;;%e—“\zt (2.34)

Conversely, case of lower oscillating plate (y = 0) and upper fixed plate (az =
A1=0)
in P(d — .
u(y,t) = a1 [&sﬁ(—P_dﬂ + G, X (sinh(Ay) sin(Pd) — sinh(Ad) sin(Py)) | e” ™,
and
W sin(d —y)P G, .
v(y,t) = a1 ':Dl sin Pd = Dy sinh(Ay)
+ XY (sinh(Ay) sin(Pd) — sinh(Ad) sin(Py))] et (2.35)
The case in which both plates are non-oscillatory, we obtain the trivial solutions
u=0 and v=0. (2.36)
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. dp
3. Constant Pressure Gradient (E— = Pp)
T

169

At constant pressure gradient, the special case (2.34) does not reflect the heat
contribution (radiation). This may not be unconnected with the form of ansatz.
Hence, we are constrained to adopt solutions of the form used by Soundalgekar
et al [9] and Singh et al [10], where one plate is fixed (y = 0) and the other
(y = d) is oscillating. At the fixed plate the no-slip condition is valid. Thus,
non-dimensional initial and boundary conditions relevant to the problems are:

u(y,t) =V(y,t) =T(y,t) =0, y=0, t>0,
u(y,t) =v(y,t) =T(y,t) =1+ee™™, y=4d.
We also propose the form of solutions

u(y,t) = uo(y) + eus (y)e ™",

v(y,t) = vo(y) + ev1(y)e ™",

T(y,t) = To(y) + eTi(y)e ™",

ap _

dr

Substituting (3.2) into (2.13)-(2.14), we obtain

Ty — PQTy =0,
T{ ~ Po(iw — Q)T1 =0,
G:T1 + Da(uy — v1) + iwvy =0,
G To + Da(ug — vp) = 0,

P

G, Ty + ug — Mug + Dy (vg — ug) = Pp = g—f

G;Ty + u{ — Muy + D1 (vy — uyp) + iwu; =0,
where

w=u =v9=v1=TIg=Ty=00on y=0,

up=u=v9=v1=Ip=T1=1 on y=d.
The solutions of (3.3) and (3.4) are

T — sinh /P Qy T sinh /P, (iw — Q)y
0= Sinh VP.Od’ ' Ssinh /P (iw — Q)d

(3.1)
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Then
T(y,t) = s%nh VP.Qy 6sinh P (iw — Q)ye_iwt (3.10)
sinhvP-Qd  sinh+/P.(iw — Q)d
Combining (3.6) and (3.7), we have

Gr
Vo — Ug) = —1p,
(vo — uo) D, Lo

D
G, Ty + U/O, — Mug + D—l(vo —wy) = Py,
2

D, D1\ sinh/P.Qy .
" Muy=py—Gr |1+ = |To=P -G, |1+ —=— )| ——=. (3.11)
Yo — MU0 ="no ’ ( - D2> ? 9 r ( i D2) sinh VP.Qd (

The complimentary and particular solutions of (3.11) are

Uy e = Age\/ﬁy _{_Bze—\/ﬁy7 (’312)
upp = C28inh / PrQy + D cosh \/ P, Qy + Ea, (3.13)
where
Gr(1+ 2 Py
Co = 2 , Dy=0and Ea = ——.
? (M — 1)sinh /P,Qd 2 and =2 M
Hence,

Py N Gr(1+ %) sinh /P, Qy
M (M —1)sinh P-Qd )
Using the boundary conditions (3.9), we have

Uy = Agemy + Bze_my (314)

G2
A 1— Ewtlpa) _ %(e—\/ﬂ/ld_l) d B PO A
= an = — = .
2 2sinh vMd SV

Hence, the solution of (3.11) becomes,
G(1+ 2 inh v/ P
uw=[1- LD_J — &(e‘md_ 1 Emh—My + _O(e—\/ﬁy —1)
M-1 M sinh vVMd = M
Gr(1+ %‘;) sinh v B-Qy
M -1 sinhPQd

(3.15)

Inserting (3.15) into (3.6), we obtain

Gr G, sinh /P-Qy
= —T = —_——,
Vo =tot p to =t B VE.Od

D .
G.(1+3) @(e—\/m . ]smh VMy @(e_my

sinh v My _1
M-1 M sinhvMd M )

’UOZ[].—
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1 (1+ £+)  sinh P, Qy

+ Gr(+=-

Similarly, combining (3.5) and (3.8), we have
D; . sinh/P.(iw — Q)y

D, — iw)smh VP (iw—Q)d’

Do 1\/[—1 sinh VP,.Qd’

171

(3.16)

(3.17)

where L = (M +D; — @% —iw). The complimentary and particular solutions

become
Ule = Age‘/zy + Bge“/zy, (3.18)
u1,p = Egsinh /P, (iw — Q)y + F3 cosh / Pr(iw — Q)y. (3.19)
We combine u1 . and u; p, we have
ur = AgeVT¥ + Bye VIV rl -DZ_W) S}nh \/_y’ (3.20)
L~ Pr(iw — Q) sinh V'Ld
where
Gr(1+ 52
F3=0, E3=-— A+ pig :
[L — Pr(iw — Q)]sinh v'Ld
Applying the boundary conditions in (3.9) to (3.20), we have
. 1-G, (l-I-D2 ) sinh v/ Ly
LT L= Pr(iw-Q) sinhvId
Gr(1+ 52— Dz_w sinh /P, Q)y (3.21)
L Pr(iw — Q) sinh \/_—d
where
dy = —By— o CrLE Dm)
[L — Pr(iw — Q)]2sinh v Ld
And from (3.5)
D, Gr
= T
v Dg—iwu1+D2—iw b
which is explicitly written as
e D, 1-Gr(1+ 52 u) Slnh\/zl/ DG, (1+ 52 w> )
1= P,—tw | L—Pr(iw—-0) | sinhvid |Dz— " L — Pr(iw— Q)
G- ] sinh \/ P, Q)y (3.22)
D2 — 1w | sinh \/Td
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Therefore

u(y,t) = uo + 6U1€—tha

D ‘ ,
"y [1 B Gr(1+ 5) B &(e_m‘l 1 sinh v My @(e*‘/vy

M-1 M sinh vMd -1
Gr(1+ %) sinh +/PrQy
M—1 sinhvPQd
- Gr(1+ 5,2 W)Slnh\/—y Gr(1+ Dz_w) sinh /P, (iw — Q)y
L—Pr(iw—@Q) sinhvIZd L — Pr(iw—Q)sinh+/P(iw - Q)d
x e” Wt (3.23)

v(y,t) = vo + evie ™",

G(1+5& VI
V= [1_L(_D2_)_&(e—\/ﬁd_l) sinh y+ ( my_l)
M—1 M sinh v/ Md
G (= 1 (1+ Bt sinh VP Qy
" Do M—l sinh v/ P.Qd
D, 1-Gr(1+ ﬁ,—‘]‘,j sinh v/Ly
Dy —dts L— PT’(M — @) sinh \/Ed
D‘ Gr ]‘+ 2 — w Gr
+ | (+5g) ) + :
Dy —iw' L — Pr(iw — Q) Dy —iw
« sinh /P, y —zwt (3 24)
sinh \/ Pr(iw — Q)d ’

T(y,t) = To + eT1e™™*,

T(y,t) = sinh /P, Qy Le sinh /Pr Q)y —
’ sinh /P.Qd sinh \/—‘d

(3.25)

4. Skin Friction and Heat Transfer (Nusselt Number)

The shear stress at the boundaries may be evaluated from the skin friction 7;,
while the rate of heat transfer is estimated using the Nusselt number (N). In
particular, skin frictions of the fluid (2.32), the particle (2.33) and the Nusselt
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number (2.16) at the boundaries y =0 and y = d are

™= (dLL) = a {—PCOS ap + G- X(Asin Pd — Psinh /\d)] e~tMt
y=0

51—/ sin Pd
aZS 3
e LG
ou -P . .
o= | =— =ay |— + G, X (A cosh Adsin Pd — P sinh Ad cos PA)
dy - sin Pd
. d .
x e"thit 4 ag%e*”‘zt. (4.2)
The skin friction of the dust particle,
ov PWcosPd G, -
— | 2= — g ~Mr in Pd — Psinh —iA1t
T3 (ay>y=0 “ s Pd+D1 [A+ XY (Asin Pd sinh Ad)] e
a2ZS  _ingt
—_— 4,
Disnsat 0 (43
ov PW Gy
=\ = =—0— + = h Ad + XY (A cosh Adsin Pd
T4 <8y>y:d “D i Pd + D, [A cosh Ad + XY (A cosh Adsin
: ZScosSd _;
—Psinh Ad cos Pd)] e M 4 9280 P800 —idat, (4.4)

D1 sin Sd
The rate of heat transfer is

Ni= Ae Wt and Ny = Ae ™ cosh(Ad). (4.5)
As stated earlier, the above results are generalized forms of known ones. The

special case of a; = A1 = 0, and G, = 0, we recovered all the previous results
for the ; and N in Ajadi [1] and Ganguly and Lahiri [6].

5. Conclussion and Discussion

We have examined the non-isothermal flow of a dusty incompressible conducting
fluid between two oscillating parallel walls. We obtained closed-form solutions,
which apparently show the heat contributions on the fluid and particle veloci-
ties. Our results show that temperature will definitely affect both the particle
and fluid velocity silmultaneously, although at different degrees. In particular,
for zero pressure gradient with solutions (2.30) and (2.31), Figures 1 and 2
represent the spatial (y) development of the fluid velocity (u), while Figures
3 and 4 represent the variations in particle velocity (v) with y for some time.
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It was revealed that the non-isothermal (Gr # 0) case has a higher velocity
profiles than the isothermal case (Gr = 0). Similarly, Figures 5 and 6 represent
the variation of the fluid velocity (u) with (y), while Figures 7 and 8 represent
the variations in particle velocity (v) with y for some time. In the presence of
Prandtl number (Pr # 0), the velocity profiles is higher than the case when
Pr = 0. For non-zero pressure gradient, Figures 9 and 10, and Figures 11 and
12 are graphical demonstration of solutions (3.23) and (3.24) respectively. The
behaviour of these solutions is also similar to the case of zero pressure gradient.

We have shown that when heat transfer is involved in a particulate Newto-
nian fluid system, the velocity of the fluid and particle will increase. This may
be due to decrease in density resulting from temperature increase. In all the
cases considered, and at a given space region, the velocities are monotonically
decreasing function of time (¢). The study would find place in some industrial
applications such as such as conveyor belt system, hydraulic system, thermal
explosion.
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